University of Wollongong

Research Online
University of Wollongong Thesis Collection
2017+

University of Wollongong Thesis Collections

2019

A multi-laminate framework for analysing the deformation and degradation
of ballast
Rakesh Sai Malisetty
University of Wollongong
Follow this and additional works at: https://ro.uow.edu.au/theses1
University of Wollongong
Copyright Warning
You may print or download ONE copy of this document for the purpose of your own research or study. The University
does not authorise you to copy, communicate or otherwise make available electronically to any other person any
copyright material contained on this site.
You are reminded of the following: This work is copyright. Apart from any use permitted under the Copyright Act
1968, no part of this work may be reproduced by any process, nor may any other exclusive right be exercised,
without the permission of the author. Copyright owners are entitled to take legal action against persons who infringe
their copyright. A reproduction of material that is protected by copyright may be a copyright infringement. A court
may impose penalties and award damages in relation to offences and infringements relating to copyright material.
Higher penalties may apply, and higher damages may be awarded, for offences and infringements involving the
conversion of material into digital or electronic form.
Unless otherwise indicated, the views expressed in this thesis are those of the author and do not necessarily
represent the views of the University of Wollongong.

Recommended Citation
Malisetty, Rakesh Sai, A multi-laminate framework for analysing the deformation and degradation of
ballast, Doctor of Philosophy thesis, School of Civil, Mining and Environmental Engineering, University of
Wollongong, 2019. https://ro.uow.edu.au/theses1/763

Research Online is the open access institutional repository for the University of Wollongong. For further information
contact the UOW Library: research-pubs@uow.edu.au

A multi-laminate framework for analysing the deformation
and degradation of ballast
Rakesh Sai Malisetty

Supervisors:
Distinguished Professor Buddhima Indraratna
Associate Professor Jayan Vinod

This thesis is presented as part of the requirement for the conferral of the degree:
Doctor of Philosophy

University of Wollongong
School of Civil, Mining and Environmental Engineering

August 2019

Abstract
Modern day demand for faster and heavier transport in Australia has made the railways
to increase the train speeds and axle loads. This advancement poses serious geotechnical
challenges with traditional ballasted railway tracks. A consequence of increasing train
speeds is the generation of elevated ground borne vibrations and the associated stress
amplification in the track layers. Under such conditions, railway ballast, being the
important load bearing component of these railway tracks, may experience excessive
deformation and degradation and could result in more frequent and increasingly
expensive track maintenance. In this sense, it is important to assess the influence of train
speeds on the stress-strain and degradation behaviour of ballast under train movement. A
number of analytical models have been developed to compute the critical train speed
based on the elasto-dynamic response of the track, however, the long-term performance
of ballast layer involving elasto-plastic deformations and degradation needs to be
incorporated to optimize maintenance costs for high speed railway tracks.
An analytical model of a railway track has been developed based on the elastic wave
propagation in track layers, to predict the elasto-dynamic response of the track including
amplification of instantaneous displacements and dynamic stresses, as a function of train
speeds and axle loads. The analytical model could also predict the complex stress paths
in the ballast layer involving cyclic rotation of principal stress axes, at different train
speeds and the resonating train speed has been derived.
To simulate the stress-strain and degradation response under these complex stress paths,
an elasto-plastic constitutive model has been developed in multi-laminate framework,
based on the critical state soil mechanics and bounding surface plasticity concepts. In
multi-laminate framework, the constitutive relationships have been developed on the
i

inter-particle contact planes of ballast assembly, intrinsically accounting for the stressinduced anisotropy caused by the variation of intermediate principal stress and principal
stress axes rotation. The constitutive parameters in the proposed model were calibrated
using the laboratory test data on granular soils under static and cyclic loading conditions.
The model could predict the static shear behaviour of ballast and effectively modelled the
influence of confining stress, intermediate principal stress and constant principal stress
rotation angle on the strength of ballast layer. Under complex cyclic loading stress paths,
the model predictions showed that principal stress rotation stress paths along with
dynamic stress amplification had exacerbated influence on the permanent deformation
and degradation of ballast layer. On this basis, a unified stability surface has been
developed, which incorporates the performance of ballast under various loading
conditions including triaxial compression, true-triaxial compression and traffic loading
conditions.
Based on the long-term performance of ballast, a new performance based approach for
estimating the critical speed of the track has been developed. The critical speed is
identified based on the workability condition of the ballast layer to yield optimum
maintenance. The analytical model coupled with the constitutive model has been applied
for an Australian railway track. The coupled model was able to capture the dynamic
amplification of stresses with train speeds in good agreement with the field data.
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Introduction
1.1. Background
Railways are one of the primary modes of transportation in many parts of the world
efficiently transporting people and cargo to different places. Over the past decade there
has been a significant rise in the demand for faster and heavier trains to compete with
other modes of transportation. In Australia, the proposed high-speed train network
(Figure 1-1) with speeds at 350 km/h is expected to carry around 54 million passengers
every year by 2036.

Figure 1-1 Proposed High speed rail network in Australia (AECOM, 2013)
Despite many socio-economic advantages associated with high speed railways, there are
many challenges faced by track engineers to ensure the safety (against derailment) and
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longevity of track at high train speeds. Since almost all the tracks in Australia are
traditional ballasted tracks that are used for mixed traffic conditions (passenger and
freight), engineers must improve these tracks to ensure they can cope with increasing train
speeds, while keeping the operational costs low. When train speeds are increased the
biggest challenge is to counter the excessive vibrations generated in the track which
propagate in the form of Rayleigh waves. These vibrations lead to dynamic stresses in the
track layers, which are amplified when a train approaches the critical speed of the track
(Krylov and Ferguson, 1994). Furthermore, increasing train speeds also influence the
dynamic stress state in the granular layers and subgrade, leading to intermediate principal
stress variations and rotation of principal stress axes (Varandas et al., 2016, Gräbe and
Clayton, 2009).
In the ballast layer, which experiences highest stress amplitudes under a moving load,
these dynamic stresses and variations in the stress state can lead to excessive permanent
deformations and particle breakage (Indraratna et al., 2001, Sun et al., 2015). Ballast
breakage is a major part of the maintenance costs and affects track stability and longevity
(Selig and Waters, 1994). Therefore, it is important to quantify the influence that the train
speed has on the stress paths and deformation in the ballast layer as well as its further
implications on the lateral stability of the track.
During the past decade there have been multiple studies investigating the influence of
train speed on the dynamic response of the track, most of which examined the dynamic
amplification of stress in the track layers. Yet only a few studies looked at how these
dynamic stress paths influence the stress-strain response and degradation of railway
ballast. Various experimental investigations on ballast subjected to static and cyclic
loading conditions have been carried out using large-scale triaxial apparatus (Indraratna
et al., 1998, Suiker et al., 2005, Lackenby et al., 2007, Tutumluer et al., 2013). However,
2
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the rotation of principal stress axes, which is a common phenomenon under moving loads,
has not been tested in laboratory conditions due to the complexity of handling these coarse
granular materials under rotating stress; in this instance numerical and constitutive
models can be used to overcome any experimental limitations.
Most of the existing constitutive models for railway ballast were mainly designed for a
specific case of triaxial compression stress paths and do not account for the rotation of
principal stress axes and the influence of train-induced stress paths. The challenge
therefore is to develop a constitutive model which can predict the stress and strain
response of granular materials such as ballast, irrespective of the stress paths they are
subjected to. Multi-laminate framework has been used by researchers to develop
constitutive models, pertaining to its advantage in simulating the influence of principal
stress axes rotation and stress-induced anisotropy on the strength and deformation of
soils. However, the response of coarse granular materials under repeated loading
conditions, especially its plastic hardening and shakedown behaviour has not been
included in multi-laminate framework. Further, particle breakage which is the important
aspect of ballast also needs to be incorporated in multi-laminate framework.
Owing to the deformation and degradation of ballast layer, it is important to define the
critical speed of the track with respect to its performance deterioration over time. The
current practice of estimating the critical train speed of different sections of railway track
does not account for the long-term performance and stability of the track layers. Hence,
the design of railway tracks should include not only the thickness and quality of track
materials, but also the allowable train speed so that the track can yield optimal
performance with low maintenance costs while catering for high speed trains. To achieve
this, there is a need for robust modelling techniques which combine analytical models to
predict the stresses and constitutive models that will predict the deformation of track
3
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subjected to these complex stress paths by considering the influence of different train axle
loads and different subgrade conditions.

1.2. Objectives and scope of this research
The current study focusses on theoretically analysing the influence of increasing train
speeds on the performance of the ballast layer. A theoretical model that simulates the
dynamic response of track has been developed to estimate the amplified stress levels and
stress paths that involve the cyclic rotation of principal stresses in the ballast layers at
various train speeds. The constitutive behaviour and permanent deformation of the ballast
layer under these PSR stress paths are determined by using a novel constitutive modelling
approach based on multi-laminate framework. Some of the brief objectives are
A) To develop an analytical model to capture the influence of train speed on the
dynamic response (deflections and stresses) in the ballast layer and also estimate
the resonating speed of the track.
B) To quantify the variations in intermediate principal stress and principal stress
rotation in the ballast layer at various train speeds under different loading and
subgrade conditions.
C) Formulate a constitutive model for coarse granular materials in a multi-laminate
framework to predict their deformation and degradation under static and cyclic
loading conditions.
D) To calibrate and validate the response of coarse granular materials under various
static and cyclic loading stress paths, including the principal stress rotation
imposed by trains at different speeds.
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E) Employ the analytical method and the multi-laminate constitutive model to a
railway track to predict the dynamic stress and deformation of track under high
speed train movements.
F) Estimate the critical speed of railway track as it pertains to the long-term
deformation and degradation of track granular materials.
1.2.1. Assumptions of the proposed model
The key assumptions considered in the development of the elastic model and the multilaminate constitutive model include:
A) For determining the resonance speed and dynamic stresses in the ballast layer, the
layers beneath the ballast layer including capping and other formation layers are
considered as an equivalent single layer.
B) Train loading is assumed as an equivalent single point harmonic load with the
angular frequency of loading taken as a function of train speed.
C) To model the contact between the sleepers and the ballast layer, the stresses are
assumed to be uniformly distributed over the contact area.
D) The permanent deformations computed from the constitutive model are assumed
to be accumulated over a number of loading cycles without considering
improvement of material during maintenance breaks.

1.3. Thesis outline
This thesis is structured into 8 chapters, including the current chapter, as outlined below.
Chapter 2 presents a detailed literature review of the influence of train speeds on the
dynamic displacement and stress response of a railway track, and analytical modelling
techniques adopted in literature to model this dynamic response. A description of the
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experimental behaviour of railway ballast under static and cyclic loading conditions along
with existing constitutive models for coarse granular materials is provided.
Chapter 3 introduces an analytical method for determining the dynamic response of track
as well as the complex stress state that involves the rotation of the principal stress axes.
Chapter 4 provides a new constitutive model based on multi-laminate framework to
simulate the behaviour of coarse granular materials under static loading conditions using
the critical state concept. For cyclic loading conditions, new hardening rules using the
bounding surface concept are introduced in a multi-laminate framework. The different
material parameters required for this model are identified and their method of
determination is provided.
Chapter 5 presents the calibration and validation of the proposed constitutive model with
the static behaviour of coarse granular materials such as ballast and rockfill. An
investigation into the influence of intermediate principal stress and principal stress
rotation on the behaviour of these materials is also presented.
Chapter 6 presents the model predictions of the behaviour of ballast under cyclic loading
conditions under triaxial compression stress paths and complex train induced stress paths.
The influence of confining stress, loading amplitude and loading frequency on the model
predictions are evaluated. Further, based on model predictions, stability surfaces are
developed with respect to complex stress paths and their practical implications are
described.
Chapter 7 presents a case study where the analytical model which predicts the dynamic
stress state is coupled with constitutive model and then applied to a railway track to
predict the deformation and degradation of ballast under different train speeds. The
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critical speed of the track is estimated based on the performance of ballast under different
train speeds.
Chapter 8 summarises the major conclusions and outcomes of this research and also
provides future recommendations. A list of references is presented after this chapter,
followed by the Appendices with additional details on constitutive modelling.
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2.1. Introduction
This chapter outlines the background and motivation of the study including influence of
train speeds on the instantaneous response of the track, analytical and numerical
modelling of the instantaneous response of railway tracks under trains running at high
speeds, behaviour of granular materials such as rockfills and ballast under static and
cyclic loading conditions, with and without considering the influence of principal stress
rotation. Further, recent advancements in the constitutive modelling of granular materials
under such complex loads are also discussed.

2.2. Components of a ballasted railway track
A conventional ballasted railway track is comprised of different layers which can be
distinguished into two categories: superstructure and substructure. Superstructure
consists of rails, rail pads, sleepers and fastening systems whereas substructure consists
of ballast, capping and subgrade/embankment. Rails are the longitudinal steel members
which can be continuous or discrete members welded together along the length of the
track. Rails are clamped to the sleepers with rail fasteners. Sleepers are generally made
of timber or concrete transversely laid on the track and are tied to the rails with the
fastening systems. These sleepers are underlain by the substructure of railway track,
which include, granular track layers including ballast, capping and other subgrade layers.
A typical ballasted railway track is shown in Figure 2-1.
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Figure 2-1 Cross sectional view of a typical ballasted railway track
2.2.1. Ballast layer
Ballast layer in a railway track is a free draining layer, which plays an important role in
efficiently supporting the track superstructure (Standards Australia, 1996). It is comprised
of medium to coarse granular aggregates with the particle size typically in the range of
20-60 mm. Ballast aggregates are usually derived from igneous or well-cemented rocks,
excavated from quarries using the method of blasting and crushing. In Australia, the
common ballast aggregates include latite basalt, granite, dolomite and quartzite. Due to
the geological origin and the excavation method, these aggregates are usually sharp and
angular (Selig and Waters, 1994). The typical thickness of ballast layer in Australian
railway tracks is usually between 250 – 350 mm (Indraratna and Salim, 2005). The key
functions of the ballast layer, which acts as an interface between the track superstructure
and the subgrade layers, is to transfer the load from the sleepers uniformly over the
subgrade, to provide resistance to the lateral movement of sleepers, to provide resilience
to the track and to absorb shock vibrations from the dynamic loads (Jeffs and Marich,
1987, Jeffs, 1989, Profillidis and Poniridis, 1986, Indraratna et al., 1998, Ionescu et al.,
1998, Indraratna et al., 2005).
In a railway track, the selection of ballast layer is key to its stability and the selection of
ballast aggregates is based on the physical properties of the material including particle
9
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size, shape, angularity, toughness, resistance to particle splitting and weathering. Various
specifications are laid out to quantify the quality of the ballast aggregates in different
countries (Gaskin and Raymond, 1976, Raymond, 1985, Standards Australia, 1996, Lim,
2004, IRS-GE-1, 2004, Anbazhagan et al., 2011, Anbazhagan et al., 2012) and are shown
in Table 2.1. In addition, Standards Australia (1996) also specifies the particle size
distribution limits for ballast. Comparison of PSD limits in various countries is shown in
Figure 2-2.

Figure 2-2 Particle size distribution limits for ballast in Australia (Standards Australia,
1996), India (Anbazhagan et al., 2011) and USA (Raymond 1985)
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Table 2-1 Specifications of ballast aggregates in Australia, USA, Canada, UK and India
Property
Australia
USA
Canada
UK
India
Aggregate
crushing value

<25%

-

-

<22%

-

Los Angeles
Abrasion

<25%

<40%

<20%

<20%

<30%

Aggregate
impact value

-

-

-

-

<20%

Flakiness
Index

<30%

-

<5%

<35%

-

Misshapen
particles

<30%

-

<25%

-

-

Water
absorption

-

-

-

-

<1%

Fines

-

<1%

<1%

-

-

Soft and
Friable Pieces

-

<5%

<5%

-

-

>1200 kg/m3

>1120 kg/m3

-

-

-

>2.5

-

>2.6

-

-

Unit weight
Specific
gravity

2.3. Dynamic response of railway tracks under moving trains
Under the movement of passenger and freight trains at different speeds, a typical railway
track is subjected to three types of loads: static, impact and cyclic loading. The static axle
load is because of the weight of the track superstructure and the train, which normally
does not exceed 170 kN for passenger trains and ranges from 250 kN to 350 kN for freight
trains (Esveld, 2001). The impact loads are caused because of the irregularities in the rail
and train wheels like rail joints, rail corrugations, wheel flats, turnouts, crossings,
insulated joints etc. (Nielsen and Johansson, 2000, Remennikov and Kaewunruen, 2008,
Anastasopoulos et al., 2009, Bruni et al., 2009, Nimbalkar et al., 2012). Cyclic loading is
11
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caused by the repetitive motion of the wheels as the trains pass by and the frequency of
cyclic loading is directly related to the speed of the train expressed as
𝑓 = 𝑉/𝜆

2.1

where 𝑉 is the train speed in m/s and 𝜆 is the characteristic length between axles in m.
Various researchers have considered the length of a freight wagon or a passenger car as
the characteristic length of cyclic loading (Zhou and Gong, 2001, Liu and Xiao, 2009, Ni
et al., 2013). This has been modified by (Indraratna et al., 2014) using the axle distance
of 1.72m which induces maximum frequency as 𝜆.
2.3.1. Track vibrations
The different types of loads induced by moving trains, act as a source of vibration in the
track layers. Vibrations in railway tracks are generated by two mechanisms, quasi-static
excitation which occurs due to the localized deflection around a moving wheel and
dynamic excitation due to impact loading. These vibrations are carried along the track in
the form of surface waves. The amplitude of vibrations depends on the magnitude of
cyclic and impact loads. In addition to the loading magnitude, trains moving at higher
speeds results in a significant increase in track damage (Krylov, 1994, Krylov, 1999).
This is due to the dynamic phenomenon where, the quasi-static excitation (0-20Hz) at
relatively low speeds transforms to a dynamic vibratory excitation at elevated speeds.
Sheng et al. (2003) showed that for lower train speeds, the dynamic components of the
wheel-rail forces (impact loads) are dominant. However, for higher train speeds
exceeding the wave speed of the track, the dynamic response due to moving wheel loads
becomes dominant and cause increased levels of vibrations and associated noise for
conventional ballasted railway tracks.
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2.3.2. Propagation of Rayleigh waves in track layers
When a railway track is subjected to high frequency cyclic and impact loading, the
resulting vibrational energy is propagated through seismic waves such as body waves and
surface waves (Woods, 1968). Surface waves include Rayleigh waves and Love waves
and travel near the surface of the ground and are found to carry most of the vibrational
energy in railway tracks. Surface waves transmit about 67% of the total excitation energy
(Connolly, 2013). Body waves include Compressional waves (P-waves) and shear waves
(S-waves) which propagate beneath the surface of the soil. Unlike body waves, the
amplitude and intensity of surface waves decay exponentially with depth and travel
slower than body waves. The direction of propagation of different types of waves
generated in the ground, are shown in Figure 2-3(a).
Love waves have the elliptical motion in the lateral and longitudinal directions of the
track, whereas Rayleigh waves have retrograde elliptical motion predominantly in the
vertical and longitudinal direction of the track as shown in Figure 2-3(b) (Woods, 1968).
In a railway track, more focus is concentrated on Rayleigh waves because of their low
penetration depth, high energy carrying capacity and low speed. Track substructure layers
like ballast and sub-ballast are present in the range of the Rayleigh wave propagation
depth and are most affected by the vibrations. The propagation of these Rayleigh waves
in a medium depends on its elastic properties such as Young’s modulus (E), density (ρ)
and Poisson’s ratio (υ) and geometric and material damping of the medium. The
amplitude of Rayleigh waves decreases with the distance as the wave moves away from
the source. Rayleigh waves generated by a point source propagate in a cylindrical wavefront and the geometric attenuation factor is inversely proportional to the square root of
1

distance from the source( 𝑟) (Woods, 1968).
√
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(a)

(b)
Figure 2-3(a) Graphical representation of propagation of seismic waves in the ground:
surface waves at the surface (b) Retrograde motion of particles during surface wave
propagation (Woods, 1968)
2.3.3. Determination of Rayleigh wave speed of an elastic half-space
According to the elastic wave theory in an elastic half-space, the Rayleigh waves can be
considered as the combination of Compression and Shear waves at the surface of the halfspace. During the propagation of any wave, a disturbance is created in the medium, which
is translated in the form of particle displacements and inter-particle forces. For deriving
the wave propagations in a medium, conservation of translational momentum is
considered and expressed as in
(𝜆 + 𝜇)∇2 𝑢 + 𝜇∇2 𝑢 + 𝜌𝑓 = 𝜌𝑢̈

2.2

where 𝑢 is the particle displacement vector, 𝜌 the density of the medium, f is the body
force, ∇2 is the Laplace operator given as
𝜕2 𝑢

∇2 𝑢 = ∑𝑛𝑖=1 𝜕𝑥 2
𝑖

2.3

𝜆 and 𝜇 are the Lames constant of the medium defined as
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𝑣𝐸

𝜆 = (1+𝑣)(1−2𝑣)
𝐸

𝜇 = 2(1+𝑣)

2.4

2.5

Richart et al. (1970) provided the solutions for equation based on Helmholtz
decomposition principle, using an exponential form with respect to time and distance
from the source. Considering a free surface where the net body forces are zero and
applying the appropriate boundary conditions, the characteristic equation of the waves
satisfying the dynamic equilibrium can be given as
𝐾 6 − 8𝐾 4 + (24 − 16𝛾 2 )𝐾 2 + 16(𝛾 2 − 1) = 0

2.6

where K and 𝛾 are the ratios dependent on the velocities of P, S and R-waves
𝐾=

𝑉𝑅

2.7

𝑉𝑠

𝑉

𝛾 = 𝑉𝑠

2.8

𝑝

An approximate solution of the characteristic equation has been proposed by various
researchers (Bergmann, 1939, Viktorov, 1967, Briggs and Kolosov, 2010), where the
ratio of Rayleigh wave speed to the Shear wave speed is given as a function of Poisson’s
ratio of the half-space shown in
𝐾=

0.87+1.12𝜐
1+𝜐

2.9

Applying the limits of Poisson’s ratio (0 to 0.5) to Equation 2.9, the ratio between R-wave
velocity and S-wave velocity can be limited to a range between 0.87 and 0.96
As seen from the expression in Equation 2.9, for a homogenous medium, Rayleigh wave
velocity does not depend on the frequency of waves generated and has a unique value.
But for heterogeneous media with different layers, Rayleigh waves travel with different
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phase velocities because of the dispersion of the waves, i.e., the phase velocity of
Rayleigh waves is dependent on the train speed and elastic parameters of the layered
media (Suiker et al., 1998). Based on the dispersion curves in the frequency-wave number
(𝜔 − 𝑘) space, different resonating modes of the track can be determined where the
vibrational response is maximum. For a heterogeneous medium, the characteristic
equations for Rayleigh waves become complex and often require advanced analytical
methods to solve them. Several techniques have been proposed by various researchers
which include modified Thomson-Haskell matrix inversion methods (Haskell, 1953,
Zhang et al., 1996, Ke et al., 2011), delta-matrix method (Dunkin, 1965) and closed-form
explicit expressions for Green’s functions (Kausel and Roësset, 1981).
2.3.4. Effect of train speed on dynamic response of track
In a railway track, the dynamic vibrational response is found to be dependent on the speed,
axle load, axle distance and structural inhomogenities in the train-track system. However,
field measurements of dynamic vertical displacements at high-speed railway track sites
in Sweden (Madshus and Kaynia, 2000) and Great Britain (Hunt, 1994) have shown that
the train speed is a major contributor for the dynamic amplifications. In Sweden, at a
railway track site near Ledsgard, huge rail deflections were observed shortly after starting
the X-2000 high speed train service running at a maximum train speed of 200 kmph
(Madshus and Kaynia, 2001). After several test runs at different train speeds, the vertical
rail displacements are found to amplify drastically as the train speeds increased as shown
in Figure 2-4. At the track site, the subgrade was found to be weak clay layer at a shallow
depth of 3 m, with the Rayleigh wave speed of 40-50 mps. For the test runs with train
speed of 70 kmph, the response of the track appeared quasi-static and the response
amplified by a factor of 10 for the 185 kmph train speeds. Based on the various numerical
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simulations, the train speed of 235 kmph was established as the critical speed for the track
site. Similar amplifications were found at a track site in Great Britain (Hunt, 1994).

Figure 2-4 Displacement amplitude vs Train speed at Ledsgard site (Madshus and
Kaynia, 2000)
Based on the dynamic amplifications, the train speeds are classified into three zones
1. Subcritical speed: When the load moves at a speed less than Rayleigh wave speed
of the half-space. (V<Vc)
2. Critical speeds: When the load moves at speeds equal to the Rayleigh wave speed
of the half-space (V~Vc)
3. Super-Critical speeds: When the load moves at speeds greater than Rayleigh wave
speed of the half-space (V>Vc)
Analytical studies considering the track as a beam on a half-space subjected to moving
loads (Payton, 1967, Krylov, 1994) showed the large amplifications in rail displacement
when the load speed reached the Rayleigh wave speed of the half-space and formation of
mach cones and mach lines. Further, researchers also used analytical predictions
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(Ahlbeck et al., 1978, Sato et al., 2002) and field experiments (Zhai et al., 2004) to predict
the vibrations in granular ballast layer, which are also amplified with train speeds cause
ballast settlements.
In addition to the displacement response in tracks, the train speeds are also found to affect
the dynamic stress changes in the track layers. Field investigations at a railway track in
Singleton, Australia have proven that the vertical stresses amplify with increasing train
speeds (Nimbalkar and Indraratna, 2016). Finite element models implementing moving
loads on full scale railway tracks have also shown an amplification of stresses at sleeperballast interface at high train speeds (Luo et al., 1996, Yang et al., 2009). Along with the
vertical stress amplification, the track layers also experience an increase in longitudinal
stresses and shear stresses with increasing train speeds. These factors cause rotation of
principal stress axes under high speed moving loads, which lead to complex stress paths
(Grabe, 2003, Powrie et al., 2007, Gräbe and Clayton, 2009, Varandas et al., 2016).

2.4. Analytical modelling of track dynamic response
Earlier analytical approaches simplified the track structure using assumptions regarding
the track geometry. Lamb (1904) was the first to analyze the response of an elastic halfspace subjected to stationary point load directly placed on the half-space. Later, Lamb’s
work was modified by Fryba (1972) replacing stationary load with a moving load. In both
of these studies, the dynamic response due to the track superstructure system was not
considered. The track superstructure system was modelled by Timoshenko (1927)
considering the steady-state response of a rail on an elastic foundation by a moving load.
The rail was modelled as an infinite Euler beam and the underlying track elements were
combined and assumed as an elastic half-space. To incorporate the influence of sleepers
on the vibrational response, the beam is considered to be resting on a discontinuous
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support (Mead, 1970). Further, the Euler beam was replaced by Timoshenko beam by
Suiker et al. (1998) taking into account the bending and shear deformation of rails.
Further, the modelling technique of track foundation is also found to affect the model
accuracy. Traditional models assumed Winkler’s foundation where, the track foundation
was considered as a series of Winkler’s elastic springs (Auersch, 1996). Metrikine and
Popp (2000) modelled the track foundation as a visco-elastic layer with equivalent
stiffness continuously distributed along the beam. The author showed that the effect of
viscosity in the layer on the resonance vibrations of the beam increased as the layer depth
is increased. Vostroukhov and Metrikine (2003) improved this model by taking into
account for stratified, viscoelastic soils and inhomogeneity of the track introduced by
sleepers. The authors also considered the effect of material damping in the soil and
damping pads on the dynamic response of the track. Also, the elastic drag experienced by
the train at critical speeds is calculated and compared to that of aerodynamic and rolling
drag. The elastic drag was defined as the energy lost by the train’s engine at critical speeds
on excitation of vibrations of the track and soil (Metrikine et al., 2001) and showed that
although the elastic drag increases significantly at critical speeds, it is very less compared
to the aerodynamic drag of the train.
Sheng et al. (1999) analyzed the ground vibrations generated by a harmonic load that
moves along a railway track and investigated that the dynamic response of the track
mainly depends on the subgrade elastic parameters. In this model, track was represented
as a sandwich beam-structure (as shown in Figure 2-5) in which the rails are represented
as a single beam, rail pads as distributed vertical stiffness, sleepers modelled as
continuous mass per unit length and ballast as a continuous distributed vertical spring
stiffness and mass.
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Figure 2-5 Schematic diagram of railway track modelled by Sheng et al. (1999)
A similar model is proposed by Xia et al. (2010) including the multibody vehicle and
track and Green’s function are used to calculate the ground response. Cao et al. (2011)
used inverse Fourier transforms to analyze a poroelastic half-space subjected to a moving
train and the model was validated with results obtained from model developed by Sheng
et al. (2004). There are other coupled dynamic models (Zhai et al., 1996, Zhai et al., 2004)
which are capable of predicting vertical as well as lateral vehicle/track interactions due to
the combined irregularities. In this model to account for the shearing continuity of the
interlocking ballast particles, shear springs and dampers are introduced between ballast
masses to model the ballast shear coupling effect (Figure 2-6).
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Figure 2-6 Physical model developed by Zhai et al. (1996) in which ballast is coupled in
lateral direction
Extending the 2D models into three dimensions, researchers (Filippov, 1961, Dieterman
and Metrikine, 1996) presented the 3D modelling of steady-state response of an EulerBernoulli beam resting on an elastic half-space to a moving load and found out that the
response became maximum when the load speed reached the Rayleigh wave speed of the
half-space. Instead of considering the train as a point moving load, Krylov (1995) in his
model considered the train as a series of moving loads travelling with a constant velocity
on a beam supported by discrete sleepers.
Further, Suiker et al. (1999a), Suiker et al. (1999b) studied the displacements generated
in the ballast layer of the track by assuming a two layered track sub-structure consisting
of granular ballast layer resting on semi-infinite classic elastic half-space. The ballast
layer was considered as discrete media to investigate the influence of particle size on the
dispersion response and critical speed of the track. However, there is a little emphasis in
previous analytical models on predicting the influence of train speed on stress variation
and rotation of principal stress axes in granular ballast layer and its performance in longterm. Also, ballast layer which is a highly nonlinear material involving huge amount of
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particle breakage and deformations under loading has been assumed as elastic material to
simplify the already complex analytical equations.

2.5. Experimental behaviour of coarse granular materials
As discussed in previous sections, the train speeds are found to alter the stress conditions
in the ballast layer, which involves dynamic amplification of vertical, lateral and shear
stresses which cause rotation of principal stress axes. It is important to look at how coarse
granular materials behave under controlled laboratory conditions. Two types of
laboratory techniques are usually employed to determine the behaviour of coarse granular
materials, which include large-scale triaxial compression apparatus (Marsal, 1967,
Charles and Watts, 1980, Indraratna et al., 1993, Indraratna et al., 1998, Anderson and
Fair, 2008, Gupta, 2000, Daouadji and Hicher, 2010, Sun et al., 2019) and true triaxial
compression apparatus (Shi, 2008, Xiao et al., 2014, Xiao et al., 2015a).
Shearing of granular materials under triaxial compression is more predominant, which
assumes the minor (𝜎3′ ) and intermediate principal stresses (𝜎2′ ) to be equal to the
confining stress. Whereas true-triaxial compression apparatus is more advanced and has
the flexibility to vary the magnitude of major (𝜎1′ ), minor (𝜎3′ ) and intermediate principal
stresses (𝜎2′ ) independently. However, in these two methods, the direction of principal
stress axes is kept fixed and thus these testing procedures cannot account for the influence
of principal stress rotation on the behaviour of granular materials. Hollow Cylindrical
Apparatus (HCA) has be a recent advancement in laboratory testing of soils under
principal stress rotation (Vaid et al., 1990, Yang et al., 2007, Tong et al., 2010, Yu et al.,
2016); however, due to the limitations of the apparatus in terms of size, HCA has only
been used to investigate the behaviour of clays (Hicher and Lade, 1987, Wang et al., 2017,
Zhou et al., 2013) and fine sands (Ishihara and Towhata, 1983, Cai et al., 2012).
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2.5.1. Stress-strain and volumetric strain behaviour under static loads
The deformation and degradation of ballast layer under static loading conditions are
dependent on the characteristics of applied load such as confining stress, magnitude of
principal stresses, applied stress path. The experimental behaviour of coarse granular
materials under static loading conditions is usually represented by their Stress-Strain and
volumetric change response. The influence of each of the loading characteristic on the
experimental behaviour of granular materials is discussed in the following sections.
2.5.1.1. Confining stress
Many experimental studies have been conducted to capture the influence of confining
stress on the stress-strain and volumetric strain response of granular materials using
triaxial compression apparatus (Varadarajan et al., 1997, Indraratna et al., 1998, Gupta,
2000, Indraratna et al., 2015). Some of the key observations include
1. The peak deviatoric strength of the material increases as the confining stress
increases, due to the restriction of lateral movement of granular aggregates,
ultimately leading to higher load carrying capacity.
2. The volumetric strains show dilatant behaviour at low confining stresses and as
the confining stress is increased, the volumetric strains change into compression.
3. Increasing the confining stress of the material increases the particle breakage and
the mechanism of breakage changes from splitting of angular corners at low
confining stresses to particle splitting and crushing at high confining stresses.
4. The mobilised inter-particle friction angle of the material reduces with increasing
confining stress. Although higher particle breakage causes an increase in friction
angle, the reduction is mainly attributed to the decrease in dilation at high
confining stresses (Indraratna and Salim, 2002).
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2.5.1.2. Intermediate principal stress
The influence of intermediate principal stress on the behaviour of coarse granular
materials was studied using true-triaxial apparatus (Lade and Duncan, 1973, Shi et al.,
2010, Xiao et al., 2014) by quantifying the intermediate principal stress with intermediate
principal stress ratio (b) given as
𝜎′ −𝜎′

𝑏 = 𝜎2′ −𝜎3′
1

2.10

3

The conventional triaxial compression case is represented by 𝑏 = 0 , where 𝑏 = 1
represents the triaxial extension case. The influence of 𝑏: 0 − 1 on the stress-strain
response and volumetric strain response can be summarised as follows:
1. For a constant value of minor principal stress (𝜎3′ ), the strength of the material
increases with increasing 𝑏. The peak strength of the material increases rapidly
when 𝑏: 0 − 0.75 and the then remains almost constant in the range of 𝑏: 0.75 −
1
2. Also, the strain level to reach the peak strength of the material is maximum for
the case of triaxial compression 𝑏 = 0, and reduces as 𝑏 increases
3. As 𝑏 is increased, the intermediate principal strain (𝜖2 ) show expansive behaviour
for 𝑏 values smaller than those corresponding to plane strain condition (𝑏 = 0.2 −
0.3), but compress when 𝑏 is further increased. This leads to increased volumetric
strains in compression, when 𝑏 is increased
4. The friction angles at failure and critical states for these materials rapidly increase
for 𝑏: 0 − 0.5 and remain constant till 𝑏: 0.9 and then slightly decrease for 𝑏 = 1
as shown in Figure 2-7. As a result, the critical state friction ratio (𝑀𝑐 ) also reduces
with increasing 𝑏
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5. Particle breakage of the material increases, as the mean effective stress of the
material increases with increasing 𝑏 value

Figure 2-7 Influence of b on variation of friction angles of granite rockfill, data from
Xiao et al. (2014)
2.5.1.3. Principal stress rotation (Constant rotation angle)
The influence of the orientation of principal stress axes on the stress-strain and volumetric
strain response of the toyura sand (Gutierrez et al., 1991b) and Portaway sand (Cai, 2010)
was studied by conducting monotonic HCA tests at different principal stress rotation
angles (𝛼). It was found that the shearing resistance of the material is dependent on 𝛼.
The peak deviatoric shear strength of the material was maximum for 𝛼 = 0𝑜 and reduced
rapidly as 𝛼 is increased from 0 − 45𝑜 and then slightly increased till 𝛼 = 90𝑜 . It was
reported that the strength of material when the major principal stress was oriented in the
horiziontal direction is less than that of its orientation in vertical direction. This difference
was attributed to the initial fabric anisotropy of the material attained during the specimen
preparation using water sedimentation method (Cai et al., 2012). However, the influence
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of principal stress rotation on the volumetric strains of the material was not investigated
thoroughly.
2.5.2. Permanent strain behaviour under repeated loading
2.5.2.1. Cyclic loading under triaxial compression conditions
Most of the cyclic loading testing on coarse granular materials was conducted under
triaxial compression conditions. The behaviour of coarse granular materials like ballast
under cyclic loading conditions is very different from its behaviour under static loading
conditions. Under cyclic loading conditions, the behaviour of ballast can be characterised
into four zones based on the stress level, magnitude of permanent strains and their rate of
increment (Werkmeister et al., 2001, Sun, 2015). These include:
1. Purely elastic zone, where, the applied cyclic stress level is too small to induce
plastic strains in the material and the material shows a perfectly elastic response
2. Elastic shakedown zone, where, the stress level is just enough to induce plastic
strains during the initial cycles, however the overall response of the material after
a particular number of cycles become elastic, with no further plastic deformation.
The maximum stress level at which this state is achieved is called elastic
shakedown limit
3. Plastic shakedown state, where the material tends to reach a densified state with
increase in loading cycles. The permanent deformations of the granular assembly
increase rapidly during the first cycle, and as the number of loading cycles are
increased, the magnitude of permanent deformations reduce and the material
reaching a stable state, where the deformations in each cycle are minute. At this
state, during each loading cycle, there will be hysteresis energy loss and finite
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amount of energy is absorbed. The maximum stress level at which this condition
is achieved is called plastic shakedown limit
4.

At cyclic stress amplitudes higher than that of plastic shakedown limit, the
material does not reach a stable state, with the permanent deformations
continuously occurring at an increasing rate with each cycle. This state is often
considered as failure state

Various researchers (Raymond and Williams, 1978, Suiker and de Borst, 2003, Lackenby
et al., 2007) have reported the influence of confining stresses on the magnitude of
permanent strains of ballast layer under triaxial compression conditions. They reported
that the permanent axial strains reduce with increasing confining stress for constant
loading amplitudes. At very low confining stresses, the material shows dilatant
volumetric strains and change to compression with increasing confining stresses as shown
in Figure 2-8.

Figure 2-8 Volumetric strains after 500000 cycles at different confining stresses,
adopted from Lackenby (2006)

27

Chapter2 Literature Review

Further, Lekarp et al. (2000) presented that the permanent deformations of granular
𝑞𝑚𝑎𝑥,𝑐𝑦𝑐

materials depend on the cyclic stress ratio (

𝑝′

). Suiker et al. (2005) used the ratio
𝑞

of the cyclic stress ratio to the peak static stress ratio (𝑝′ )

to analyse the behaviour of
𝑠𝑡𝑎

ballast and observed that when the ratio is less than 0.82, permanent strains of ballast
remained in the elastic shakedown state. The level of deviatoric stress ratio on the onset
of different shakedown states is also studied by Indraratna et al. (2005) and found that
ballast specimen reached shakedown after 10,000 cycles irrespective of stress ratio.
The influence of loading frequency on permanent deformation of granular materials was
studied in literature (Shenton, 1978, Indraratna et al., 2010b, Thakur et al., 2013, Sun et
al., 2015). It was reported by Shenton (1978) that increasing the frequency of loading
from 0.1 to 30 Hz, keeping the loading amplitude and confining stress, does not influence
the behaviour of ballast significantly. Indraratna et al. (2010b) considered the dynamic
amplification of stress amplitude along with the loading frequency (equivalent to train
speed) and shown that the permanent axial strains followed similar amplification as stress
amplitude. Similar behaviour was observed by Sun et al. (2015) at different confining
stresses. Further, it is also observed that the volumetric strains of ballast increased in
compression rapidly, as the loading frequency is increased.
2.5.2.2. Cyclic loading with complex stress paths
In railway tracks, granular materials such as ballast are subjected to traffic loading stress
paths, with principal stress axes continuously rotating in the longitudinal direction. There
are only a few experimental studies looking at the response of granular soils subjected to
cyclic rotation of principal stress axes using HCA apparatus and are limited to loading
paths with constant principal stress amplitudes and on fine sands (Tong et al., 2010, Yu
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et al., 2016). This is mainly due to the complexity of simulating variable principal stress
amplitudes and handling coarse granular materials in HCA apparatus.
Tong et al. (2010) reported that rotation of principal stress axes alone caused plastic
deformations of drained sands, even without changing the magnitude of principal stresses
(constant stress ratio(

𝑞𝑚𝑎𝑥,𝑐𝑦𝑐
𝑝′

)). The volumetric strains showed increased compression

for these types of loading. Pure rotation HCA tests conducted by Yu et al. (2016) also
showed similar behaviour for Leighton and Buzzard sands and reported that most of the
deformations occur in first 20 cycles. Further, significant level of non-coaxiality between
the principal stresses and principal strains was also reported. However, detailed
investigation of the permanent deformations under numerous loading cycles was not
studied.
Also, all these studies considered constant magnitude of principal stresses and their
orientations are rotated. However, stress paths induced by moving trains often are
involved with varying magnitude and direction of principal stresses and their influence
was only investigated on soft clays (Xiao et al., 2013, Wang et al., 2017, Cai et al., 2017,
Cai et al., 2018, Wang et al., 2019). Xiao et al. (2014) used finite element models to
compute the traffic induced stress paths and reported that traffic load-induced stresses
with PSR increased the cumulative deformation of normally consolidated soft clays by 923% than that without PSR.
∆𝜎′

Cai et al. (2017) used three parameters vertical cyclic stress ratio (𝑉𝐶𝑆𝑅 = 2𝑝𝑧′ ), shear
0

𝜏

stress ratio (𝜂 = ∆𝜎𝜃′ ) and modified cyclic stress ratio (CSR’= 𝑉𝐶𝑆𝑅√1 + 4𝜂2 ) to
𝑧

quantify the shape of the traffic loading stress path and studied the influence of these two
parameters independently as well as combined. It was reported that the permanent axial
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strain of clay sample increased rapidly with increasing VCSR from 0 to 0.228 and 𝜂 from
0 to 0.33. Further, different zones are established in the permanent deformation – CSR’
space, including stable, metastable and unstable zones as shown in Figure 2-9. Further,
Cai et al (2018) reported an existence of threshold CSR’, above which the permanent
deformations of clay showed rapid increase with number of loading cycles, ultimately
reaching failure.

Figure 2-9 Permanent vertical strains of clay under traffic loading stress paths, adopted
from Cai et al. (2017)

2.6. Degradation of coarse granular materials
In coarse granular materials like ballast, particle breakage under shear loading occurs in
a complex mechanism originating at the inter-particle contacts with the disintegration of
angular asperities. During this process, the particles may slide, rotate and break, with the
broken fine fragments filling the voids between the aggregates. Due to breakage of
angular edges, the sharp corners smoothen reducing the interlocking between the adjacent
particles. Figure 2-10 shows the wearing (smoothening) of ballast particles with time.
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This phenomenon is followed by complete crushing of aggregates due to attrition and
compression at higher stresses. Chrismer and Read (1994) estimated that disintegrated
and broken ballast particles correspond to 40% of the fouling in ballast layer and
eventually leading to higher maintenance (Chrismer and Read, 1994). Furthermore, the
engineering properties of the material including shear strength, volumetric strain
behaviour and evolution of void ratio are affected by breakage of ballast particles
(Indraratna et al., 1998).

Smoothened
particles

Angular particles

(a)

(b)

Figure 2-10 Ballast degradation in railway tracks (a) Ballast aggregates before and after
particle breakage (b) Fouling of railway track due to breakage (Malisetty et al., 2018)
2.6.1. Factors affecting particle breakage
There are several factors affecting the mechanism of particle breakage in coarse granular
materials, which can be distinguished into four classes as described in Table.1 (Malisetty
et al., 2018). The first class includes properties of the parent rock material such as particle
crushing strength, hardness and weathering resistance. Ballast layer is typically
comprised of sharp angular aggregates of crushed volcanic basalt and these rocks
generally have high hardness, compressive strength and high resistance to weathering.
Lee and Farhoomand (1967) reported the influence of particle size, angularity and surface
texture on the degradation of ballast particles and concluded that bigger aggregates with
high angularity are more prone to particle crushing than smaller particles. Lade et al.
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(1996) stated that the larger the particles, the more defects they have resulting in higher
probability of cracking and crushing under loads. This implies that higher stresses are
needed to initiate breakage for fine sands than for coarse granular materials like ballast.
Additionally, the properties of assembly such as particle size distribution, initial density
or void ratio also affect particle breakage.
Table 2-2 Factors affecting the breakage mechanism of granular materials (Malisetty et
al., 2018)
Class
Factors
Nature of the parent rock

Particle crushing strength, minerology, hardness,
weathering resistance

Parameters of the individual
grains

Size, shape, angularity, surface smoothness

Parameters of the assembly

Packing density or initial void ratio, particle size
distribution

Stress condition

Type of loading (static or cyclic, triaxial
compression or pure compression), confining stress,
stress levels

Out of all the factors, the applied stress conditions which include stress state, inter-particle
contact stresses, and confining stress affect the breakage of particles. Larger amount of
particle breakage was observed when coarse granular materials are subjected to higher
stress amplitudes (Lackenby et al., 2007). Bishop (1966) reported that particle breakage
during shearing is higher than during isotropic static compression. Indraratna et al. (2005)
and Lackenby et al. (2007) investigated the influence of confining stress on particle
breakage under cyclic loading and distinguished the breakage of ballast particles into
three zones based on the magnitude of confining stress namely (i) dilatant unstable
degradation zone (DUDZ) (ii) optimum degradation zone (ODZ) and (iii) Compressive
stable degradation zone (CSDZ). It was also reported that under cyclic loading, breakage
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was higher at very low confining stress (DUDZ) and reduced till the confining stress
increased to an optimum point (ODZ) and increased again (CSDZ).
2.6.2. Experimental methods for measuring particle breakage
Various researchers have presented several simplified methods to quantify particle
breakage under triaxial compression loading tests (Marsal 1967, Lee and Farhoomand
1967, Einav 2007, Indraratna and Salim 2005). Most of these methods quantified particle
breakage based on the changes in particle size distribution (PSD) before and after the
loading. Marsal’s breakage index (𝐵𝑔 ) for rockfill material used in the construction of
earth dams was proposed by Marsal (1967). Breakage index (𝐵𝑔 ) was evaluated by
estimating the change in percentage retained by each sieve size, before and after the
testing. The lower limit for Marsal’s breakage index is zero percent, depicting no
breakage and the upper limit is 100% indicating complete breakage. Lee and Farhoomand
(1967) presented a breakage index based on the change in single particle diameter
corresponding to 15% finer on the PSD curve. 𝐷15 size was used to consider, whether the
crushed particles could clog the pores in the earth dam filter materials. The breakage index
was expressed as the ratio of 𝐷15 before and after testing, with the computed index
starting from unity and has no upper limit. Further, Hardin (1985) proposed breakage
potential for the considering the whole PSD curve, rather than using an individual particle
size. The breakage potential was estimated by computing the area between the initial PSD
curve and 0.074mm line, which corresponds to the maximum possible breakage if all the
particles are broken to the size of silt (minimum sieve size). A relative breakage (𝐵𝑟 ) was
also introduced, which is the ratio of the change in breakage potential during the loading
to the initial breakage potential. Lade et al. (1996) developed a breakage function based
on the diameter corresponding to 10% finer on the PSD curve to correlate breakage with
the permeability of grain filters. This index is an extension to the breakage index
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developed by Lee and Farhoomand (1967) to limit the breakage index in the range of 0
to 1. Furthermore, Hardin’s breakage index was modified by Einav (2007) using an
ultimate cumulative distribution curve instead of using the particle size of silt as the
limiting line which is shown in Figure 2-11. It has to be noted that, all these methods were
developed to estimate particle breakage of fine granular soils and their applicability to
coarse granular materials is limited.

Figure 2-11 Graphical representation of different breakage indices (inspired from Lade
et al. (1996), Einav (2007))
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Figure 2-12 Schematic representation of the measurement Ballast Breakage Index under
static loading (after Indraratna and Salim (2005))
Indraratna and Salim (2005) developed ballast breakage index (BBI) especially for coarse
granular materials like ballast using the concept of Hardin’s relative breakage. An
arbitrary boundary of maximum breakage was considered as the limiting line based on
the minimum size of ballast aggregates (2.36 mm). BBI was represented as the ratio of
the change in area of PSD curve to the initial area between the PSD curve and arbitrary
boundary of maximum breakage. The graphical representation of ballast breakage index
(BBI) is shown in Figure 2-12.

2.7. Constitutive modelling of granular materials under static and
cyclic loading conditions
The behaviour of granular materials under static and cyclic loading is highly nonlinear
and is involved with elasto-plastic deformations. The stress-train and volumetric strain
behaviour of these materials is dependent on factors such as the initial state of the material
such as void ratio (dense or loose), yielding criterion and their evolution under different
stress paths. Researchers have used many techniques incremental elasto-plastic theory,
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laws

governing

hardening

(isotropic/kinematic/mixed)

to

incorporate

these

characteristics into constitutive models for clays and sands. Some of the key aspects of
the existing constitutive models are discussed.
2.7.1. Critical state models
Roscoe et al. (1963) identified that soil when subjected to shearing, reaches a state where
it continuously deforms at constant stress and constant void ratio and termed the state as
‘critical state’. The plastic deformation and volumetric change behaviour of clays was
modelled based on this critical state, popularly known as Cam-clay (Schofield and Wroth,
1968). Since most of these models were based on the axial testing of cylindrical specimen,
the constitutive equations were formulated in the invariant stress space (𝑞 − 𝑝’). The
critical state model highlights the following features of the soil
1. When Soil is subjected to shear stresses, it exhibits elastic deformations until its
stress state reaches the stable state boundary surface or yield surface
2. When critical state is reached, a soil element does not change its volume or stress,
while the energy transmitted from the stress dissipates in the form of frictional
heat
3. The critical state can be represented as using straight line termed ‘Critical state
line’ (CSL) in the 𝑞 − 𝑝’ and 𝑒 − 𝑙𝑛𝑝’ space and the CSL is parallel to the Normal
Compression Line (NCL) as shown in Figure 2-13
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Figure 2-13 Representation of critical state line in (a) 𝑞 − 𝑝’ space (b) 𝑒 − 𝑙𝑛𝑝’ space
For granular soils such as sands, Been et al. (1991) found that the critical state line takes
bilinear shape in e-lnp space at high mean effective stresses and attributed the change of
slope to particle breakage. Similar model for gravels (Granta-gravel) were developed by
omitting the elastic component of volumetric strain.
Further, addressing the limitations of cam-clay type models in accurately predicting the
dilatancy and post peak softening behaviour of dense sands, the concept of state parameter
𝑑𝜖

𝑝

was introduced by and employed dilatancy (𝐷 = 𝑑𝜖𝑣𝑝 ) as a function of state parameter as
𝑞

shown in equation 2.10.
𝐷=

𝑀−𝜂

2.11

1−𝑁

where 𝑑𝜖𝑣𝑝 and 𝑑𝜖𝑞𝑝 are the plastic volumetric and deviatoric strain increments,
𝑞

respectively, 𝑀 is the slope of CLS in 𝑞 − 𝑝’ space, 𝜂 is the stress ratio (𝑝′ ) and 𝑁 is a
state dependent parameter. Extending this model with a hardening rule, Jefferies (1993)
presented Nor-Sand, which captured the essential features of sands such as dilatancy,
post-peak softening, effect of confining stress and initial stress. The hardening rule
allowed the yield surface to move, based on the deviatoric strain of the material. However,
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the normality condition assuming associated flow rule was a significant simplification for
sands and was replaced by non-associated flow rule (Lade, 1977, Pender, 1978, Mroz and
Norris, 1982, Dafalias, 1986).
2.7.2. Bounding Surface models
To simulate the behaviour of granular materials under cyclic loading conditions, which
involve loading, unloading and reloading phases, researchers used isotropic and
kinematic hardening rules to describe the evolution of yield surface during progressive
loading cycles. The concept of bounding surface plasticity developed by Dafalias and
Popov (1975) was used, incorporating hardening rule to model the static as well as cyclic
loading response of granular soils. This concept uses an enclosed yield surface (typically
taking the shape of ellipse), which is allowed to evolve within specific bounds in the stress
strain space. These bounds cannot be crossed but can move in the stress strain space
during loading, and the material is assumed to undergo plastic strains, for stress state
within the bounding surface. The schematic representation of bounding surface developed
by Dafalias (1982) is shown in Figure 2-14.
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Figure 2-14 Schematic representation of bounding surface concept (adopted from
Dafalias (1982))
Mroz and Norris (1982) considered that the plastic hardening modulus, which controls
the rate of plastic strains during loading, evolves from an initial point on the yield surface
to a limiting value on the bounding surface as seen in Figure 2-14. The evolution of plastic
hardening modulus was presented (Equation 2.11) based on the distance between the
current stress point and its conjugate on the bounding surface.
𝛿 𝑎

𝐻 = 𝐻𝐵 + (𝐻𝑦 − 𝐻𝐵 ) (𝛿 )
0

2.11

where 𝛿 and 𝛿0 are the current and maximum distance between the yield anf bounding
surfaces. Mroz and Norris (1982) also indicated that 𝛿0 changes slightly, only with the
changes in density, while 𝛿 changes with stress changes and the position of yield surface.
This concept of bounding surface is adopted in this study to account for the evolution of
plastic hardening modulus under repetitive loading conditions.
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2.7.3. Existing constitutive models for ballast
In the past, many constitutive models were developed to simulate the hardening behaviour
of granular ballast with progressive cycles. Suiker and de Borst (2003) developed a cyclic
densification model, where the strain accumulation under cyclic loading was divided into
a plastic frictional sliding component and a volumetric compaction component. Although
the model was able to capture the densification behaviour under cyclic loading, particle
breakage was not included.
Salim and Indraratna (2004) introduced a constitutive model based on the concept of
critical state plasticity, incorporating the influence of particle breakage. A non-associated
flow rule and a non-capped yield locus were proposed which varies kinematically in the
stress space. The energy lost due to particle breakage was incorporated in work equation
using a non-linear function of breakage with distortional strain. The resulting incremental
plastic shear and volumetric strain equations are as follows:

𝑑𝜖𝑞𝑝 =

𝑝

𝑑𝜖𝑣

𝑝
𝑑𝜖𝑞

′

′
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𝑝

𝑀2 (1+𝑒

2𝑝′0
𝐵
∗
∗
𝑖 )( 𝑝′ −1)[9(𝑀−𝜂 )+𝑝′ {𝜁+𝜉(𝑀−𝜂 )}]

9(𝑀−𝜂)

𝜁+𝜉(𝑀−𝜂 ∗ )

𝐵

= 9+3𝑀−2𝜂∗𝑀 + (𝑝′ ) [9+3𝑚−2𝜂∗𝑀]

2.12

2.13

where 𝛼 is a function of initial stiffness of the ballast, 𝜅 is swelling constant, 𝑝′ is the
′
mean stress, 𝑝𝑐𝑠
is the value of 𝑝′ on the CSL at current void ratio, 𝑝0′ is the value of 𝑝′
′
at the intersection of the undrained stress path and the initial stress ratio line, 𝑝0(𝑖)
and
′
′
𝑝𝑐𝑠(𝑖)
are the initial values of 𝑝′ and 𝑝𝑐𝑠
at the start of shearing, 𝑀 is critical stress ratio,
𝑝′

𝜂 is stress ratio, 𝜂∗ = 𝜂 (𝑝′ ), 𝑒𝑖 is the initial void ratio, 𝜁 and 𝜉 are the material constants
𝑐𝑠

defining the rate of breakage and B is given by
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𝐵=

𝛽
𝑝′
𝑐𝑠(𝑖)
ln( ′ )
𝑝𝑖

[

(9−3𝑀)(6+4𝑀)

]

(6+𝑀)

2.14

where 𝛽 is the slope of the rate of energy dissipation vs rate of particle breakage curve.
Although model captures the influence of particle breakage, the model was only limited
to static loading conditions. Indraratna et al. (2012b) extended this model for cyclic
loading conditions using a cyclic densification model. The flow rule was modified to
consider the variation of particle breakage with the number of loading cycles (N) and the
ratio of incremental plastic deviatoric and shear strains are given as:

𝑝

𝑑𝜖𝑣

𝑝

𝑑𝜖𝑞

9(𝑀−𝜂)

𝛽

= 9+3𝑀−2𝜂𝑀 + (𝑝′ ) [

𝜒+𝜇 ln(𝑁)
𝑝′
ln( 𝑚𝑎𝑥
)
𝑝′𝑚𝑖𝑛

(9−3𝑀)(6+4𝑀)

] (9+3𝑀−2𝜂𝑀(6+𝑀))

2.15

where 𝜒 and 𝜇 are the material constants determined by plotting rate of breakage with
𝑑𝐵𝐵𝐼

plastic deviatoric strain ( 𝑑𝜖𝑝 ) with number of loading cycles as shown inFigure 2-15,
𝑞

′
′
𝑝𝑚𝑎𝑥
and 𝑝𝑚𝑖𝑛
are the maximum and minimum mean effective stress during cyclic

loading.
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Figure 2-15 Variation of rate of ballast breakage with number of cycles (adopted from
Indraratna et al. (2012b))
2.7.4. Models incorporating particle breakage
Bandini and Coop (2011)and Coop (1990) reported that particle breakage does not have
significant effect on the critical state of fine sands, whereas, for coarse granular materials
like rail road ballast, the critical state friction angle was found to be reduced due to particle
breakage resulting in less critical state stress ratio (𝑀𝑐 ) (Indraratna et al., 2015). This
disparity is attributed to the fact that since the ballast particles are larger and highly
angular, they are more susceptible to breakage even at lower applied stresses (Lade et al.,
1996). For rock-fill materials, particle breakage along with confining pressure has found
to be altering the position of critical state line (CSL) in the 𝑞 − 𝑝′ space during triaxial
shearing (Chávez and Alonso, 2003).
To incorporate the effects of breakage on critical state of crushable granular materials,
Russell and Khalili (2004) have adopted a three segment CSL in the 𝑣 − 𝑙𝑛𝑝′ plane
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within a boundary surface constitutive model and stated that the CSL steepens when the
particles start to degrade and crush at higher stresses. Wood and Maeda (2008) in their
proposed model related the change in CSL in the 𝑒 − 𝑙𝑛𝑝′ planes to the current grading
of the soil. They stated that during breakage, the grading index of the soil increases to a
limiting index resulting in downward movement of CSL to a limiting CSL. Xiao et al.
(2015b) developed a breakage critical state theory (BCST) to simulate the evolution of
particle breakage with the 3-D Breakage Critical State Line in the 𝑒 − 𝑙𝑛𝑝′ − 𝐵𝑟 and 𝑞 −
𝑝′ − 𝐵𝑟 planes. By considering the fractal theory proposed by Einav (2007), they also
related the evolution of PSD during loading.
Indraratna et al. (2015) developed a constitutive model based on the critical state soil
mechanics framework incorporating the effects of particle breakage on the critical state
envelope in 𝑞 − 𝑝′ and 𝑣 − 𝑙𝑛𝑝′ planes and associated the non-linearity with ballast
breakage index (BBI). Further, an explicit empirical equation for Ballast breakage index
(BBI) under monotonic triaxial loading as an exponential function of plastic shear strain
and mean effective pressure as shown in Equation 2.16.
𝐵𝐵𝐼 = (𝜔

𝜃𝑏
′
𝑏 −ln(𝑝𝑖 ))

(1 − exp(−𝑣𝑏 𝜀𝑠𝑝 ))

2.16

Where, 𝜃𝑏 , 𝜔𝑏 and 𝑣𝑏 are material constants.
By including the mean effective stress (𝑝’) in the equation, the effect of confining pressure
on the BBI was implicitly considered. In addition, the concept of bounding surface was
applied to railway ballast using a linear bounding surface in 𝑞 − 𝑝’ space and a cyclic
plastic modulus was proposed (Equation 2.18) capturing the influence of loading
frequency.
𝑝′

𝐻𝑐 = 𝑝′ exp(𝛼𝑖

𝑓

𝑘

𝑝
(1 + 𝜖𝑠0
) ℎ0 |𝜂 − 𝜂𝑖 |(𝑀 − 𝜂)
.𝑓)

2.18
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𝑝
Where, 𝑝′ , 𝜂 and 𝜖𝑠0
are the mean effective stress, stress ratio and accumulated plastic

deviatoric strain at current state, 𝛼𝑓 , ℎ0 and 𝑘 are the model parameters.
In addition to empirical methods, Zhu et al. (2010) proposed micromechanics based
elastoplastic damage model for granular materials to simulate the behaviour of sands. Zhu
et al. (2010) considered the softening behaviour of dense granular soils as a result of the
progressive destruction of the interlocked material fabric due to accumulation of plastic
shear strain at the contacts. A damage evolution function was formulated related to the
plastic frictional sliding on contact planes. Also, the plastic hardening function and plastic
flow of the material is related to the evolution of damage. Another approach is the
disturbed state concept used by Desai and Toth (1996) for modelling disturbance in soils.
In disturbed state concept, the actual state of the material is represented as a function of
Relative Intact (RI) state where the disturbance is zero and the fully adjusted (FA) state
where the disturbance is considered 100% evolved.
However, all these models were developed in the 𝑞 − 𝑝’ stress space for triaxial
compression conditions and cannot be applied to loadings with complex traffic loading
stress paths with rotation of principal stress axes. In addition, the evolution of breakage
with progressive loading cycles is not incorporated in these models.
2.7.5. Constitutive modelling in Multi-laminate Framework
Multi-laminate framework was originally established by Taylor (1938) based on the slip
theory, where the macroscopic behaviour of a material is related to the microscopic
response on the micro-slip planes in the material. Multi-laminate framework was first
used by Zienkiewicz and Pande (1977) to simulate the plastic deformation of jointed
rocks, using a certain number of weak sliding planes. Pande and Sharma (1983) applied
this concept to simulate the mechanical response of soft clays using a constitutive model
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based on critical state framework. The advantage of using multilaminate framework in
simulating the influence of principal stress axes rotation and induced anisotropy was
shown by comparing the results with those from the traditional invariant based models.
Sadrnejad and Pande (1989) modelled the plastic deformation of sands in multi-laminate
framework using viscoplastic stress-strain relations. Schuller and Schweiger (2002)
analysed and modelled the formation of shear bands in NATM-tunnelling using multilaminate framework with deviatoric hardening. A multi-laminate model for normally
consolidated clays was developed incorporating deviatoric and volumetric hardening
behaviour (Wiltafsky et al., 2003, Galavi and Schweiger, 2010). Accordingly,
independent yield curves were developed on the integration plane in 𝜏 − 𝜎𝑁 ′ space for
both deviatoric and volumetric hardening as shown in Figure 2-16.

Figure 2-16 Yield curves on integration plane (adopted from Galavi and Schweiger
(2010))
Several other researchers incorporated various mechanical features of soil into multilaminate models such as inherent anisotropy (Schweiger et al., 2009), undrained
behaviour of clays (Scharinger and Schweiger, 2005, Dang and Meguid, 2008), granular
soils (Sadrnejad, 1992) and liquefaction of sand (Tsegaye et al., 2010, Dashti et al., 2019).
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However, the permanent deformation of soils under cyclic loading conditions was not
investigated using multi-laminate models.
In multi-laminate framework, specific constitutive relationships can be developed on each
contact plane to determine the yield and plastic potential surfaces. The plastic strains on
these planes evolve independently and are dependent on the magnitude as well as
direction of the macroscopic stress. Thus, the stress-induced anisotropy is intrinsically
accounted for in multi-laminate modelling (Lee and Pande, 2004, Wiltafsky et al., 2002).
This feature of multi-laminate framework is needed to simulate the behaviour of granular
materials such as ballast in railway tracks, where the principal stresses acting on the
material continuously change their direction and magnitude. This is the major advantage
of multi-laminate models against many existing constitutive models (Schofield and
Wroth, 1968, Salim and Indraratna, 2004, Indraratna et al., 2015), where constitutive
relationships are developed using the stress invariants while ignoring the directions of
principal stresses. Furthermore, particle breakage which has significant impact on the
strength and dilatancy of coarse granular materials has to be accounted for, while
developing constitutive models in multilaminate framework.

2.8. Research gap
In this chapter, a brief review of the literature pertaining to the dynamic response of
railway tracks under high speed train loading is presented. A number of field
investigations and analytical models have shown that increasing train speeds have
significant influence on the dynamic amplification of vertical stresses and displacements
in the track layers. In addition to vertical stress amplification, the rotation of principal
stress axes and the presence of intermediate principal stress in the shallow layers of
railway track has been emphasised by various analytical models. As a result, the track
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layers are subjected to complex train-induced stress path, which varied with train speeds.
The chapter also highlighted the importance of estimating critical train speed through
analytical models, at which the dynamic response of the track is amplified. However,
these analytical models did not account for the amplification of dynamic stress state in
the ballast layer at different train speeds and thus, the elasto-plastic deformations and
long-term settlements of ballast were not considered in estimating the critical speed of
the track.
This chapter then presented the literature describing the experimental behaviour of ballast
under static and cyclic loading conditions. It has been highlighted that the long-term
deformation and degradation of ballast is dependent mainly on the loading conditions
applied, which include: varying loading amplitudes, confining stresses and loading
frequencies. In addition, the particle breakage plays an important role in controlling the
stress-strain response under static as well as cyclic loading conditions. However, very few
experimental investigations have studied the influence of complex train-induced stress
paths involving principal stress rotation and intermediate principal stress on the
deformation and degradation of ballast. The chapter then described that experimental
investigations on fine sands and soft clay in HCA under these stress paths have shown
that principal stress rotation reduces their shear strength and accelerates the rate of plastic
strain accumulation, leading faster failure than expected. However, due to the complexity
of testing coarse granular materials in laboratory conditions simulating continuous
rotation of principal stress axes, the behaviour of ballast under train-induced stress paths
has not been studied.
The chapter then highlighted various constitutive modelling techniques presented in
literature; their advantages and shortcomings in simulating the deformation and
degradation of ballast under train-induced stress paths. A brief review of literature on
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constitutive modelling in multi-laminate framework and in the need for using this
framework in simulating the influence of principal stress rotation on the deformation of
ballast has been presented.
The next chapter presents an analytical model developed as a part of this research to
simulate the influence of increasing train speeds on the amplification of dynamic stresses
and displacements in the ballast layer.
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Dynamic stress response of railway track at different train
speeds
3.1. Introduction
In this chapter, an analytical method is presented to determine the influence of train
speeds on the stress and displacement of the ballast layer in a railway track. By
considering the rail wheel as an exciting source for Rayleigh wave generation in the
railway track, the influence that its propagation has on the dynamic response of shallow
granular layers such as ballast is predicted. The primary objective of this analytical
method is to estimate the resonating train speed of the railway track based on the dynamic
amplification of stresses in the ballast layer at different train speeds. In addition, the
influence of different train speeds on the rotation of principal stress axes and the
consequent dynamic three-dimensional stress paths experienced by the ballast layer are
estimated. The analytical method was applied to a case study on railway track. The
variation of dynamic stress and displacement response with train speeds and estimation
of resonating speed of the track are analysed.

3.2. Analytical model
A typical railway track composed of two parallel beams placed on sleepers resting on
track substructure is considered, as shown in Figure 3-1(a) and (b). The longitudinal,
lateral and vertical directions of the track correspond to 𝑥, 𝑦 and 𝑧 axes respectively. The
substructure of this railway track consists of various layers such as ballast, capping and
subgrade. For simplicity of analysis, there is a two layered substructure with a ballast
layer at the top overlying a semi-infinite subgrade layer. For railway tracks resting on soft
49

Chapter3 Dynamic stress response of railway track at different train speeds

subgrades, the equivalent stiffness of the layers beneath the ballast layer is considered as
the stiffness of the subgrade. The superstructure elements such as the rail, rail pads, and
sleepers are considered as discrete and are represented using spring-dashpot system. In
many of the dynamic models developed in literature (Kaynia et al., 2000, Sheng et al.,
1999), the ballast layer was considered as a discrete element represented by a damping
mass. However, using ballast as a discrete mass element would not allow the stress to
propagate in the ballast layer, so in this study the ballast and subgrade layers are a
continuous system extending in a longitudinal direction to allow the stress wave to
propagate through it.

𝑧
(a)
𝑦

𝑧
(b)
𝑥
Figure 3-1 (a) Cross-sectional view and (b) Longitudinal view of a railway track
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The moving wheel load was considered as a harmonic load with the angular frequency
(𝜔𝑙 ) directly proportional to the train speed given as:
𝑃(𝑡) = 𝑃0 sin 𝜔𝑙 𝑡

(3.1)

𝑃0 is the amplitude of the loading which accounts for the weight of a single axle of a train
wagon and 𝑡 is the time. At a stationary point on the track, the loading frequency depends
on the distance between the successive axles. By considering the smallest distance as a
critical case, the frequency-speed relationship proposed by Indraratna et al. (2014) can be
given as
𝑉

𝜔𝑙 = 2𝜋 1.72

(3.2)

3.2.1. Track superstructure
The superstructure system is represented by considering the rail as a continuous beam
resting on a spring-dashpot system consisting of rail-pads and sleepers, as shown in
Figure 3-2. As seen in figure, the whole superstructure system is attached to the
continuously layered elastic substructure system at the bottom.
𝑃(𝑡) = 𝑃0 sin 𝜔𝑙 𝑡

Cd

K
M

K

Cd
M

Layered Elastic sub-structure

Figure 3-2 Rheological model of the track superstructure
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The differential equation for the vertical displacement (𝑧(𝑥, 𝑡)) of the rail and sleeper
system can be given as:
𝜕4 𝑧

𝜕2 𝑧

𝜕𝑧

𝐸𝑅 𝐼 𝜕𝑥 4 + 𝑀 𝜕𝑡 2 + 𝐶𝑑 𝜕𝑡 + 𝐾𝑧 = 𝑃(𝑡)

(3.3)

The characteristic solution for Equation 3.3 can be given by
𝑧(𝑥, 𝑡) = 𝑧0 exp(−𝑖(𝜔𝑡 − 𝑘𝑥))
𝑃

4

4𝐸𝑅 𝐼

With, 𝑧0 = 2𝐾𝐿𝑜 and 𝐿𝑐 = √
𝑐

(3.4)

𝐾

Where 𝐸𝑅 and 𝐼 are the Young’s modulus and moment of inertia of the rail, 𝑀 is the mass
of the sleeper and rail together, 𝐾 and 𝐶𝑑 are the stiffness and damping coefficient of the
rail-pad respectively. The load transmitted by the superstructure system to the ballast at
the sleeper-ballast interface is computed using the dynamic transmission factor, and the
maximum load transmitted by sleeper onto the ballast can be given as
𝑃𝑇 (𝑡) = 𝑃𝑇𝑑 cos(𝜔𝑙 𝑡 − 𝛽)

(3.5)

Where 𝑃𝑇𝑑 is the dynamic amplitude of the load transmitted with a phase difference of 𝛽
radians given as:
𝑃𝑇𝑑 = 𝑃0 𝑇𝑑
𝑇𝑑 =

(3.6)

√𝐾2 +(𝐶𝑑 𝜔𝑙 )2

(3.7)

√(𝐾−𝑀𝜔 2 )2 +(𝐶𝑑 𝜔𝑙 )2
𝑙

𝐶 𝜔

𝐶𝑑 𝜔𝑙

𝑑 𝑙
−1
𝛽 = tan−1 (𝐾−𝑀𝜔
(
2 ) + tan
𝑙

𝐾

)

(3.8)

The transmissibility ratio (𝑇𝑑 ) in Equation 3.7 is plotted in Figure 3-3. 𝑇𝑑 varies from 1
to ∞ , when the loading frequency 𝜔𝑙 approaches the resonating frequency of the
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𝐾

superstructure (𝜔𝑛 = √𝑀 ). This implies that the sleeper and rail system is imparting a
dynamic amplification factor to the load transferred at the sleeper-ballast interface.
Accordingly, the dynamic stress at the sleeper-ballast interface can be computed using
the following equation:
𝜎𝑑 = 𝐴

𝑃𝑇

𝑠𝑙𝑒𝑒𝑝𝑒𝑟

=

𝑃𝑇𝑑 cos(𝜔𝑙 𝑡−𝛽)
𝐴𝑠𝑙𝑒𝑒𝑝𝑒𝑟

(3.6)

Where, 𝐴𝑠𝑙𝑒𝑒𝑝𝑒𝑟 is the base area of the sleeper.

Figure 3-3 Variation of transmissibility ratio (𝑇𝑑 ) with loading frequency 𝜔𝑙
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3.2.2. Track substructure layers
In continuous layers such as ballast and subgrade the harmonic sleeper-ballast interface
load induces Rayleigh waves which travel along the length of the track in a longitudinal
direction. Since these Rayleigh waves are a type of surface wave which contains
compression wave (P-wave) and shear-vertical wave (SV-wave) components, the wave
functions of P and SV waves are derived using the wave propagation theory in elastic
half-space, and then combined with appropriate boundary conditions.
To analyse the plane body wave motion in continuous media in a longitudinal plane (𝑥 −
𝑧 plane shown in Figure 3-1), the Cauchy stresses (𝜎𝑖𝑗′ , 𝑖 = 𝑥, 𝑦, 𝑧; 𝑗 = 𝑥, 𝑦, 𝑧) on an
element in a continuous layer can be written as:
′
𝜎𝑥𝑥
𝜎𝑖𝑗′ = [𝜏𝑦𝑥
𝜏𝑧𝑥

𝜏𝑥𝑦
′
𝜎𝑦𝑦
𝜏𝑧𝑦

𝜏𝑥𝑧
𝜏𝑦𝑧 ] = 𝜆𝛿𝑖𝑗 𝜖𝑘𝑘 + 2𝜇𝜖𝑖𝑗
′
𝜎𝑧𝑧

(3.7)

Where 𝜆𝐿 , 𝜇𝐿 are the Lames constants which can be expressed as
𝐸𝑣

𝜆𝐿 = (1+𝑣)(1−2𝑣)
𝐸

𝜇𝐿 = 2(1+𝑣)

(3.8)

(3.9)

And 𝐸, 𝑣 are the elastic modulus and Poisson’s ratio of the layer.
In Equation 3.7, 𝜖𝑖𝑗 represents the strain matrix, 𝜖𝑘𝑘 = 𝜖𝑥𝑥 + 𝜖𝑦𝑦 + 𝜖𝑧𝑧 is the elastic
volumetric strain and 𝛿𝑖𝑗 is the kronecker delta function which can be given as
0 𝑖𝑓 𝑖 ≠ 𝑗
𝛿𝑖𝑗 = {
1 𝑖𝑓 𝑖 = 𝑗
For plane wave propagation in the 𝑥 − 𝑧 reference system, the nine stress components in
Equation 3.7 reduce to four components which can be written as
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′
𝜎𝑥𝑥
= 𝜆𝐿 (𝜖𝑥𝑥 + 𝜖𝑧𝑧 ) + 2𝜇𝐿 𝜖𝑥𝑥

(3.10)

𝜏𝑥𝑧 = 𝜏𝑧𝑥 = 𝜇𝐿 𝜖𝑥𝑧

(3.11)

′
𝜎𝑧𝑧
= 𝜆𝐿 (𝜖𝑥𝑥 + 𝜀𝑧𝑧 ) + 2𝜇𝐿 𝜖𝑧𝑧

(3.12)

3.2.3. Derivation of wave motions in continuous media
To derive the dynamic behaviour of stress in an elastic continuum, the conservation of
translation momentum is considered and can be written as
𝜎𝑗𝑖,𝑗 + 𝑓𝑖 = 𝜌𝑢̈ 𝑖

(3.13)

Where 𝑓𝑖 are the body forces in the medium, which is ignored in this study, 𝜌 is the
density of the medium, and 𝑢̈ 𝑖 is translational acceleration. For the 𝑥 − 𝑧 reference plane,
Equation 3.13 results in the following set of differential equations
𝜎𝑥𝑥,𝑥 + 𝜎𝑧𝑥,𝑥 = 𝜌𝑢𝑥̈

(3.14)

𝜎𝑥𝑧,𝑥 + 𝜎𝑧𝑧,𝑧 = 𝜌𝑢𝑧̈

(3.15)

Inserting the Equations (3.10-3.12) for stress in Equations 3.14 and 3.15, the differential
equations in terms of the Lames constants𝜆𝐿 and 𝜇𝐿 and the displacement functions
(𝑢𝑥 𝑎𝑛𝑑 𝑢𝑧 ) can be written as
(𝜆𝐿 + 𝜇𝐿 )∇2 𝑢𝑥 + (𝜇𝐿 )∇2 𝑢𝑥 = 𝜌𝑢𝑥̈

(3.16)

(𝜆𝐿 + 𝜇𝐿 )∇2 𝑢𝑧 + (𝜇𝐿 )∇2 𝑢𝑧 = 𝜌𝑢𝑧̈

(3.17)
∂2

∂2

∇2 represents the Laplace operator given as ∇2 = ∂x2 + ∂y2
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3.2.3.1. Compression wave (P-wave):
Since compression (P) waves create compression and dilation motions in the direction in
which the waves propagate, Ewing et al. (1957) represented this motion by introducing a
scalar P-wave potential(𝛷) which can be transformed into displacements (𝑢)as:
𝑢𝑖 = 𝛷,𝑖

(3.18)

Substituting Equation 3.18 in Equations 3.16 and 3.17 gives the symmetric form of Pwave equation given as
1

∇2 𝛷 = 𝐶 2 𝛷̈

(3.19)

𝑝

𝜆𝐿 +2𝜇𝐿

Where, 𝐶𝑝 is the velocity of the compression wave in the medium given as Cp = √

𝜌

Solving Equation 3.19 using the Helmholtz exponential function, the P-wave potential
can be written in a harmonic form as
𝛷 = 𝐴𝑝1,2 exp (𝑖(𝜔𝑡 − 𝑘𝑥 − 𝜉𝑝1,2 𝑧))

(3.20)

Where 𝐴𝑝 is the amplitude of the P-wave, 𝜔 is the angular frequency, 𝑘 is the wave
number, and 𝜉𝑝 is the geometric damping parameter of P-waves in the 𝑧 direction given
as
𝜔2

𝜉𝑝1,2 = ±√𝐶 2 − 𝑘 2
𝑝

(3.21)

Substituting Equation 3.21 in Equation 3.20, the P-wave potential can be written as
𝛷 = 𝐴𝑝1 exp (−𝑖(𝜔𝑡 − 𝑘𝑥 − 𝜉𝑝1 𝑧)) + 𝐴𝑝2 exp (−𝑖(𝜔𝑡 − 𝑘𝑥 + 𝜉𝑝2 𝑧))

(3.22)
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3.2.3.2. Shear wave:
During shear wave motion, the compression of the medium is zero and the particles move
perpendicular to the direction in which the wave propagates. Using the shear wave
potential (𝜑𝑦 ), the symmetric wave equation that governs the propagation of the shear
wave can be written as
1

∇2 𝜑𝑦 = 𝐶 2 𝜑𝑦̈

(3.23)

𝑠

𝜇

Where 𝐶𝑠 is the shear wave velocity given as 𝐶𝑠 = √ 𝜌𝐿 . As with the compression wave
equation, the shear wave potential can be written as
𝜑𝑦 = 𝐴𝑠1,2 exp (−𝑖(𝜔𝑡 − 𝑘𝑥 − 𝜉𝑠1,2 𝑧))

(3.24)

Where 𝐴𝑠 is the amplitude of the SV-wave, 𝜔 is the angular frequency, 𝑘 is the wave
number, and 𝜉𝑠 is the geometric damping parameter of S-waves in the 𝑧 direction given
as
𝜔2

𝜉s1,2 = ±√𝐶 2 − 𝑘 2
𝑠

(3.25)

Substituting Equation 3.25 in Equation 3.24 means the SV-wave potential can be
written as
𝜑𝑦 = 𝐴𝑠1 exp(−𝑖(𝜔𝑡 − 𝑘𝑥 − 𝜉𝑠1 𝑧)) + 𝐴𝑠2 exp(−𝑖(𝜔𝑡 − 𝑘𝑥 − 𝜉𝑠2 𝑧))

(3.26)

3.2.3.3. Rayleigh wave
The mathematical framework that governs the Rayleigh wave propagation follows from
combining the expressions for P-wave and SV-wave motions with the boundary
conditions at the free surface and at the interface (Suiker et al., 1999a). By considering a
two layered track substructure system consisting of a ballast layer with thickness, H and
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semi-infinite subgrade layer, the P and SV-wave functions for the compression wave
(1)

(𝛷 (1) ) and shear wave potential (𝜑𝑦 ) in the ballast layer (with suffix 1) can be written
as
(1)

(1)

(1)

(1)

(1)

(1)

(1)

(1)

𝛷 (1) = 𝐴 𝑝1 exp (−𝑖(𝜔𝑡 − 𝑘𝑥 − 𝜉𝑝1 𝑧)) + 𝐴𝑝2 exp (−𝑖(𝜔𝑡 − 𝑘𝑥 − 𝜉𝑝2 𝑧))
(1)

𝜑𝑦 = 𝐴 𝑠1 𝑒𝑥𝑝 (−𝑖(𝜔𝑡 − 𝑘𝑥 − 𝜉𝑠1 𝑧)) + 𝐴 𝑠2 𝑒𝑥𝑝 (−𝑖(𝜔𝑡 − 𝑘𝑥 − 𝜉𝑠2 𝑧))

(3.27)

(3.28)

Similarly, the equations for compression and shear wave potentials in the second layer
(subgrade) can be given in equations 3.29 and 3.30. Since the amplitude of surface waves
decrease rapidly as it goes deeper into the semi-infinite medium, the equations of P and
(2)

SV waves in the subgrade layer reduce to one term with positive damping functions (𝜉𝑝1 )
(2)

and (𝜉𝑠1 ).
(2)

(2)

𝛷 (2) = 𝐴𝑝1 exp (𝑖 − (𝜔𝑡 − 𝑘𝑥 − 𝜉𝑝1 𝑧))
(2)

(3.29)

(2)

(2)

𝜑𝑦 = 𝐴𝑠1 exp (−𝑖(𝜔𝑡 − 𝑘𝑥 − 𝜉𝑠1 𝑧))
(1)

(1)

(2)

(2)

(1)

(3.30)
(1)

In Equations 3.28-3.31, 𝐴𝑝1 , 𝐴𝑝2 , 𝐴 𝑠1 , 𝐴 𝑠2 represent the amplitudes of wave potentials
in the ballast layer and 𝐴𝑝1 , 𝐴𝑠1 are the amplitudes of wave potentials in the subgrade
layer. The Equations 3.27-3.30 contain 6 independent terms which require 6 boundary
conditions to solve them. For the assumed track substructure, the boundary conditions at
the top surface (at 𝑍 = −𝐻) are given below as a function of 𝜎𝑑 from Equation 3.6.
′(1)

𝜎𝑧𝑧 = 𝜎𝑑 𝑒 −𝑖𝜔𝑙𝑡
(3.31)
(1)

𝜏𝑧𝑥 = 0
And at the ballast-subgrade layer interface i.e., at 𝑍 = 0,
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′(1)

′(2)

𝜎𝑧𝑧 = 𝜎𝑧𝑧
(1)

(2)

(1)

(2)

(1)

(2)

(3.32)

𝜏𝑧𝑥 = 𝜏𝑧𝑥
𝑢𝑥 = 𝑢𝑥
𝑢𝑧 = 𝑢𝑧

The displacements 𝑢𝑥 and 𝑢𝑧 can be written in terms of wave potential as
𝑢𝑥 = ∅,𝑥 − 𝜑𝑦,𝑧

(3.33)

𝑢𝑧 = ∅,𝑧 + 𝜑𝑦,𝑥

(3.34)

Substituting Equations 3.22 and 3.26 for wave potentials for both track layers in the above
boundary conditions (Equations 3.31-3.34) results in the following matrix equation,
𝑀𝑐 . 𝐴 = 𝑃

(3.35)

Where,
𝑀𝑐 is the coefficient matrix
𝐹𝑝1
𝐻𝑝1
(1)

−𝑘𝑒 𝑖𝜉𝑝1 𝐻
(1)

(1)

𝑖𝜉 𝐻
𝑀𝑐 = 𝜉𝑝1 𝑒 𝑝1
(1)

𝐹𝑝1 𝑒 𝑖𝜉𝑝1 𝐻
(1)

𝐻𝑝1 𝑒 𝑖𝜉𝑝1 𝐻
[

𝐹𝑠1
𝐻𝑠1
(1)

−𝜉𝑠1 𝑒 𝑖𝜉𝑠1 𝐻

𝐹𝑝1
−𝐻𝑝1
(1)

−𝑘𝑒 𝑖𝜉𝑝2 𝐻
(1)

(1)

𝜉𝑝2 𝑒 𝑖𝜉𝑝2 𝐻

(1)

Fp1 𝑒 𝑖𝜉𝑝2 𝐻

(1)

−𝐻𝑝1 𝑒 𝑖𝜉𝑝2 𝐻

−𝑘𝑒 𝑖𝜉𝑠1 𝐻
𝐹𝑠1 𝑒 𝑖𝜉𝑠1 𝐻
𝐻𝑠1 𝑒 𝑖𝜉𝑠1 𝐻

(1)

(1)

(1)

−𝐹𝑠1
𝐻𝑠1
(1)

−𝜉𝑠2 𝑒 𝑖𝜉𝑠2 𝐻
(1)

−𝑘𝑒 𝑖𝜉𝑠2 𝐻
(1)

−𝐹𝑠1 𝑒 𝑖𝜉𝑠2 𝐻
(1)

𝐻𝑠1 𝑒 𝑖𝜉𝑠2 𝐻

0
0

0
0

(2)

𝑘𝑒 𝑖𝜉𝑝1 𝐻
(2)

(2)

−𝜉𝑝1 𝑒 𝑖𝜉𝑝1 𝐻
(2)

−𝐹𝑝2 𝑒 𝑖𝜉𝑝1 𝐻
(2)

−𝐻𝑝2𝑒 𝑖𝜉𝑝1 𝐻

(2)

(2)

𝜉𝑠1 𝑒 𝑖𝜉𝑠1 𝐻
(2)

𝑘𝑒 𝑖𝜉𝑠1 𝐻
(2)

−𝐹𝑠2 𝑒 𝑖𝜉𝑠1 𝐻
(2)

𝐻𝑠2 𝑒 𝑖𝜉𝑠1 𝐻
]

(3.36)
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𝐴 is the amplitude vector given as
(1)

(1)

𝐴 = [𝐴𝑝1

(1)

𝐴𝑠1

(1)

𝐴𝑝2

𝐴 𝑠2

(2) ′

(2)

𝐴𝑝1

𝐴𝑠1 ]

(3.37)

0]

(3.38)

P is the loading matrix given as
𝑃 = [𝜎𝑑 𝑒 𝑖((𝜔𝑙−𝜔)𝑡+𝑘𝑥)

0

0 0 0

And,
(1)

(1)

(1) 2

(1)

𝐹𝑝1 = − 𝜆 𝐿 𝑘 2 − (𝜆𝐿 + 2𝜇𝐿 )(𝜉𝑝1 )
(1)

(1)

(1)

(1) 2

𝐹𝑝12 = − (𝜆 𝐿 + 2𝜇𝐿 )𝑘 2 − 𝜆 𝐿 (𝜉𝑝2 )
(1)

(1)

𝐹𝑠1 = 2𝜇𝐿 𝑘𝜉𝑠1
(1)

(1)

𝐻𝑝1 = 2𝜇𝐿 𝑘𝜉𝑝1

(1) 2

𝐻𝑠1 = −𝜇 (1) 𝐿 (𝑘 2 − (𝜉𝑠1 ) )
(2)

(2)

(2)

(2) 2

𝐹𝑝2 = − 𝜆𝐿 𝑘 2 − (𝜆𝐿 + 2𝜇𝐿 )(𝜉𝑝1 )
(2)

(2)

𝐹𝑠2 = 2𝜇𝐿 𝑘𝜉𝑠1
(2)

(2)

𝐻𝑝2 = 2𝜇𝐿 𝑘𝜉𝑝1

(2) 2

(2)

𝐻𝑠2 = −𝜇𝐿 (𝑘 2 − (𝜉𝑠1 ) )
For a given set of material properties, 𝑀 is a 6 x 6 matrix in terms of wave frequency(𝜔),
wave number 𝑘(𝜔), and the depth of the ballast layer (𝐻). The 6 unknown parameters
(1)

(1)

(1)

(1)

(2)

(2)

(𝐴𝑝1 , 𝐴𝑠1 , 𝐴𝑝2 , 𝐴𝑝2 , 𝐴𝑝1 , 𝐴𝑠1 ) in Equation 3.35 can be found by multiplying the inverse
of the coefficient matrix, 𝑀 with the loading matrix, 𝑃.
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3.2.4. Influence of Rayleigh wave propagation on stress changes in track layers
At resonance, when the loading frequency (or train speed) matches with the frequency of
these Rayleigh waves generated by the load, the displacement and stress response in the
medium is amplified until it reaches its maximum. The train speed at which this maximum
response occurs is considered to be the resonating response speed of the track. For the
given material properties of railway track layers, there can be multiple resonating
frequencies or train speeds based on how the Rayleigh waves propagate in the medium,
but the train speed which corresponds to the lowest/first resonating mode is considered
to be the resonating speed of the track.
For a particular train speed, the Cauchy stresses at a depth of ‘z’ in the ballast layer are
represented as a function of train speed (𝑉), time (𝑡) and depth of ballast layer (𝐻) and
can be given as:
(1)

(1)

(1)

(1)

(1)

(1)

(1)

(1)

𝜎𝑧𝑧 = 𝑒 −𝑖(𝜔𝑡−𝑘𝑥) {𝐹𝑝1 𝐴𝑝1 𝑒 𝑖𝜉𝑝1 𝑍 − 𝐹𝑠1 𝐴𝑠1 𝑒 𝑖𝜉𝑠1 𝑍 + 𝐹𝑝1 𝐴 𝑝2 𝑒 𝑖𝜉𝑝2 𝑍 + 𝐹𝑠1 𝐴 𝑠2 𝑒 𝑖𝜉𝑠2 𝑍 }
(1)

(1)

(1)

(1)

(1)

(1)

(1)

(1)

(1)

(1)

𝜎𝑥𝑥 = 𝑒 −𝑖(𝜔𝑡−𝑘𝑥) {𝐹𝑝12 𝐴𝑝1 𝑒 𝑖𝜉𝑝1 𝑍 − 𝐹𝑠1 𝐴𝑠1 𝑒 𝑖𝜉𝑠1 𝑍 + 𝐹𝑝12 𝐴 𝑝2 𝑒 𝑖𝜉𝑝2 𝑍 + 𝐹𝑠1 𝐴 𝑠2 𝑒 𝑖𝜉𝑠2 𝑍 }
(1)

(1)

(1)

(1)

(1)

(1)

𝜎𝑧𝑥 = 𝑒 −𝑖(𝜔𝑡−𝑘𝑥) {𝐻𝑝1 𝐴𝑝1 𝑒 𝑖𝜉𝑝1 𝑍 − 𝐻𝑠1 𝐴𝑠1 𝑒 𝑖𝜉𝑠1 𝑍 + 𝐻𝑝1 𝐴 𝑝2 𝑒 𝑖𝜉𝑝2 𝑍 + 𝐻𝑆1 𝐴 𝑠2 𝑒 −𝑖𝜉𝑠2 𝑍 }

(3.39)

(3.40)

(3.41)

The instantaneous horizontal and vertical displacements in the ballast layer can be written
as
( )

(1)

( )

(1)

( )

(1)

( )

(1)

( )

(1)

(1)

( )

𝑢𝑥 = −𝑒 −𝑖(𝜔𝑡−𝑘𝑥) {𝑘 𝐴𝑝11 𝑒𝑖𝜉𝑝1 𝑍 + 𝑘 𝐴 𝑝21 𝑒𝑖𝜉𝑝2 𝑍 + 𝜉(𝑠11) 𝐴𝑠11 𝑒𝑖𝜉𝑠1 𝑍 − 𝜉(𝑠21) 𝐴 𝑠21 𝑒𝑖𝜉𝑠2 𝑍 }
( )

(1)

( )

(1)

𝑢𝑧 = 𝑒 −𝑖(𝜔𝑡−𝑘𝑥) {𝜉(𝑝11) 𝐴𝑝11 𝑒𝑖𝜉𝑝1 𝑍 − 𝜉(𝑝21) 𝐴 𝑝21 𝑒𝑖𝜉𝑝2 𝑍 − 𝑘𝐴𝑠11 𝑒𝑖𝜉𝑠1 𝑍 − 𝑘 𝐴 𝑠21 𝑒𝑖𝜉𝑠2 𝑍 }

(3.42)

(3.43)
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3.3. Response of track at various train speeds
Ledsgard, Sweden (X-2000 train)
Using the analytical method, the response of a BANVERKET high speed railway track
at Ledsgard, Sweden was predicted and compared with the site measurements. As shown
in Figure 3-4, the rail embankment at this site was built on an upper crust which underlies
layers of organic peat and soft clay. The elastic parameters and the thickness of each
layer at the track site are shown in Table 1.

Figure 3-4 Layer description of track subgrade in Ledsgard, Sweden (modified after
Kaynia et al. (2000))

Table 3-1 Subgrade layer properties of BANVERKET railway track at Ledsgard, Sweden
(Kaynia et al 2000)
H (m) Density (kg/m3) Vs (m/s) Poisson’s ratio, v E (MPa)
1.1
1400
65
0.49
17.6
Crust
3
1260
40
0.49
6.0
Organic clay
4.5
1475
60
0.49
15.8
Clay-1
6
1475
85
0.49
31.7
Cay-2
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An X-2000 Swedish high speed passenger train was run on this particular route at
operating speeds from 10 kmph - 202 kmph. The axle load was considered as 20 Ton and
the shortest distance between consecutive axles to be 1.72 m. The vertical displacements
of the track were measured at the site for multiple train runs at different speeds using
accelerometers installed in the track (Madshus and Kaynia, 2000). For analysis, the top
crust layer was considered as layer-1 and an equivalent layer with an equivalent modulus
and density of the underlying layers was considered as layer-2. The equivalent modulus
of the underlying clay layers was calculated using Equation 3.44.

𝐸𝑒𝑞 =

∑𝑛
𝑖=1 𝐻𝑖
𝐻𝑖
∑𝑛
𝑖=1

(3.44)

𝐸𝑖

Figure 3-5 shows the analytical predictions of peak vertical displacements of the track at
different train speeds, computed using Equation 3.43. The measured vertical
displacement data (Madshus and Kaynia, 2000) on site is also plotted for comparison. As
seen from Figure 3-5, the peak vertical displacements amplify with increasing train speed.
When the train speeds are below 70 kmph, the response of the track is quasi-static, with
no dynamic amplification. However, as the train speed increases from 100-225 kmph, the
displacements amplified by a factor of 4. From the elastic material properties of the
organic clay layer (layer-2), the lowest Rayleigh wave speed can be computed, which is
around 180 kmph. However, because of the top layer of the material being stiffer than the
organic clay, the resonating speed corresponding to the peak response is predicted
around 𝑉 = 225 𝑘𝑚𝑝ℎ. The predicted vertical displacements are in good agreement with
the field data taken from Madshus and Kaynia (2000).
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Figure 3-5 Prediction of peak vertical displacement response of the track in Ledsgard,
Sweden (Data sourced from Madshus and Kaynia (2000))

Figure 3-6 Predictions of dynamic vertical displacements under consecutive wheels at
different train speeds at Ledsgard site
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Figure 3-6 shows the dynamic vertical displacement response of the track under two
consecutive train axles at four different train speeds (quasi-static train speed 72 kmph,
Sub-resonating train speed, 180 kmph, resonating train speed, 210 kmph and superresonating speed, 225 kmph). The response predicted by the analytical method shows a
clear dynamic amplification of vertical displacement with increasing train speeds until
the resonating train speed (𝑉𝑟 ), and then decrease. For quasistatic and sub-resonating train
speeds, the peak displacements mostly coincided with the axle position, but for resonating
and super-resonating train speeds, the displacement peak shows a phase difference
between the position of the axle and peak displacement. Moreover, the phase difference
increases as the train speed increases above the resonating speed. Madshus and Kaynia
(2000) pointed out that these out-of-phase displacements can have a huge effect on the
dynamic interaction between train and track by creating a rolling movement in the track
layers.
At 150 mm below the track surface, the influence of train speeds on the stress
amplification as well as the principal stress rotation was simulated. The stress paths in the
track, for the passage of each axle are shown in Figure 3-7. The stress paths are shown in
2𝜏𝑥𝑧 − (𝜎𝑧 − 𝜎𝑥 ) plane, which is the predominant plane of rotation of stress axes along
the movement of the train. The model predictions show that, at quasi-static train speeds
(72 kmph), the shear stress (𝜏𝑥𝑧 ) is very low, indicating a minimum effect on the principal
stress rotation, but as the train speed increases, 𝜏𝑥𝑧 increases reaching a maximum at the
resonating speeds (210 kmph). Furthermore, as the train speeds cross resonating speed
(𝑉 > 𝑉𝑟 ), the stress path rotates, displaying an out-of-phase response in the 2𝜏𝑥𝑧 −
(𝜎𝑧 − 𝜎𝑥 ). Even though the vertical stress (plotted on 𝑥-axis) is lower at 230 kmph than
210 kmph, the out-of-phase response has a significant influence on the stress rotation in
the track.
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Figure 3-7 Predictions of dynamic stress response of soil element in the track at
different train speeds at Ledsgard site

3.4. Conclusions
This chapter has presented an analytical method to simulate the influence of train speed
on the dynamic response, including instantaneous displacements and stress in the granular
layers such as ballast. The proposed analytical method was applied to a railway track at
Ledsgard, Sweden, where the influence of increasing train speeds on the dynamic
response of the railway track was predicted. It was observed that at very low train speeds
(𝑉 << 𝑉𝑟 ), the response of the track was quasi-static with low dynamic amplification,
but as the train speed crossed 50% of 𝑉𝑟 , the response became dynamic with dynamic
stresses and displacements increasing many times. In the super-resonating train speed
zone (𝑉 > 𝑉𝑟 ), the response of the track decreased until the next resonating speed of the
track. In addition to the vertical stresses, there was a significant variation of shear stress
and horizontal stress in the longitudinal direction, causing rotation of principal stress axes,
which altered the stress paths in 2𝜏𝑥𝑧 − (𝜎𝑧′ − 𝜎𝑥′ ) space.
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However, the resonating train speeds observed in the field and predicted by the model are
quite high, often higher than the operating speeds and the influence of these dynamic
stresses on the deformation and degradation of track layers such as ballast must be
accounted for when estimating the critical speed of a track. In chapter-4, a new
constitutive model for ballast in multi-laminate framework is presented, which is used to
simulate the permanent deformation and degradation of railway ballast under these traininduced stress paths, involving principal stress rotation.
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4.1. Introduction
As discussed in Chapter 3, the dynamic stresses and their stress paths in the ballast layer
under moving trains are a function of train speed and become complex with continuous
rotation of principal stress axis. Assessing the shear strength and performance of ballast
layer under these train-induced stress paths, including the effects of intermediate principal
stress and principal stress rotation needs to be included in constitutive models. In this
chapter, constitutive relations are presented using the concept of a multi-laminate
framework to simulate the behaviour of coarse granular materials such as ballast under
traffic loading conditions. Multi-laminate framework as reported by various researchers
(detailed in Chapter 2) has an inherent advantage of simulating stress-induced anisotropy
under loading conditions with principal stress rotation. A brief description of multilaminate framework is presented, along with its mathematical implementation. In the
multilaminate framework, the constitutive equations are developed based on the critical
state soil mechanics and the influence of particle breakage on the nonlinear critical state
has been included to capture the stress-strain behaviour and degradation of coarse
granular materials under static loading conditions. The constitutive model is then
extended to capture plastic deformation of ballast under repeated train loading.

4.2. Multi-laminate Framework
According to multi-laminate framework, any granular soil can be considered as an
assembly of individual particles of soil with different sizes and shapes that are bonded
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together by inter-particle forces. These particles are connected to each other as a fabric at
a number of contacts with infinite probable orientations in space. When a load is applied
to a sample of soil, the load is distributed at these inter-particle contacts into normal and
shear stresses which lead to the elastic deformation of particles. Once the stresses on these
contact planes exceed a certain level, the inter-particle bonds are broken and the particles
begin to slide against each other, which leads to plastic deformation. The overall
deformation of the soil sample is then obtained by integrating the microscopic elastic
deformation of the individual particles and plastic deformation due to sliding on the interparticle contact planes.
4.2.1. Mathematical Formulation
Assume a 3-dimensional unit cell of granular soil where the stress acts in all the principal
directions, as shown in Figure 4-1; the stress state is transformed into normal (𝜎𝑁′ ) and
the shear stress (τ) at each inter-particle contact plane. These micro level stresses are
′
obtained by projecting the global stresses (𝜎𝑘𝑙
, 𝑘, 𝑙 = 𝑥, 𝑦, 𝑧) on each contact plane using

the transformation matrix (𝑇𝑖 ) shown in Equation 4.1. The index 𝑖 represents the 𝑖 𝑡ℎ
contact plane.

𝜎′𝑙𝑜𝑐𝑎𝑙
𝑖

𝜎′𝑥𝑥
′
𝜎
= [ 𝑁 ] = 𝑇𝑖′ . 𝜎′𝑘𝑙 , 𝑎𝑛𝑑 𝜎′𝑘𝑙 = [ 𝜏𝑦𝑥
𝜏 𝑖
𝜏𝑧𝑥

𝜏𝑥𝑦
𝜎′𝑦𝑦
𝜏𝑧𝑦

𝜏𝑥𝑧
𝜏𝑦𝑧 ]
𝜎′𝑧𝑧

(4.1)
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Figure 4-1 Global and local stresses in a unit cell of soil using multi-laminate model
The transformation matrix 𝑇𝑖 contains the partial derivatives of the local stress state with
the global stress vector given by Pietruszczak and Pande (1987), as shown in Equation
4.2.

𝑇𝑖 =

𝜕𝜎𝑖′
𝜕𝜎′

=

′
𝜕𝜎𝑁

𝜕𝜏

𝜕𝜎𝑥′

𝜕𝜎𝑥′

′
𝜕𝜎𝑁

𝜕𝜏

𝜕𝜎𝑦′

𝜕𝜎𝑦′

′
𝜕𝜎𝑁

𝜕𝜏

𝜕𝜎𝑧′

𝜕𝜎𝑧′

′
𝜕𝜎𝑁

𝜕𝜏

𝜕𝜏𝑥𝑦

𝜕𝜏𝑥𝑦

′
𝜕𝜎𝑁

𝜕𝜏

𝜕𝜏𝑦𝑧

𝜕𝜏𝑦𝑧

′
𝜕𝜎𝑁

𝜕𝜏

[ 𝜕𝜏𝑥𝑧

(4.2)

𝜕𝜏𝑥𝑧 ]𝑖

The partial derivatives in Equation 4.2 are functions of the direction cosines of the contact
plane (𝑙, 𝑚, 𝑛) given as:
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∂σ′i
∂σ′

=

𝑙2

𝑙. 𝑝𝑥 −

𝑚2

𝑚. 𝑝𝑦 −

𝑛2

𝑛. 𝑝𝑧 −

2. 𝑙. 𝑚

′
𝜎𝑁𝑖
𝑙2
𝜏𝑖
′
𝜎𝑁𝑖

𝜏𝑖
′
𝜎𝑁𝑖

𝜏𝑖

𝑚2
𝑛2
𝜎𝑁𝑖′

𝑚. 𝑝𝑥 + 𝑙. 𝑝𝑦 − 2

𝜏𝑖

2. 𝑚. 𝑛

𝑛. 𝑝𝑦 + 𝑚. 𝑝𝑧 − 2

[ 2. 𝑛. 𝑙

𝑙. 𝑝𝑧 + 𝑛. 𝑝𝑥 − 2

Where 𝑃 = [𝑃𝑥 𝑃𝑦 𝑃𝑧 ] = [𝑙

𝑚

′
𝜎𝑁𝑖

𝜏𝑖
′
𝜎𝑁𝑖

𝜏𝑖

(4.3)
𝑙. 𝑚
𝑛. 𝑚
𝑙. 𝑛 ]

𝜎′𝑥𝑥
𝑛]. [ 𝜏𝑦𝑥
𝜏𝑧𝑥

𝜏𝑥𝑦
𝜎′𝑦𝑦
𝜏𝑧𝑦

𝜏𝑥𝑧
𝜏𝑦𝑧 ]
𝜎′𝑧𝑧

The corresponding strain vector, comprising normal (βi ) and shear strains (𝛾𝑖 ) on the 𝑖 𝑡ℎ
contact plane can be given as:

𝜖𝑖𝑙𝑜𝑐𝑎𝑙

𝜖𝑥𝑥
βi
′ 𝜖
= [ ] = 𝑇𝑖 . [ 𝑦𝑥
𝛾𝑖
𝜖
𝑧𝑥

𝜖𝑥𝑦
𝜖𝑦𝑦
𝜖𝑧𝑦

𝜖𝑥𝑧
𝜖𝑦𝑧 ]
𝜖𝑧𝑧

(4.4)

According to the incremental theory of plasticity, the total global strain increments (𝑑𝜖)
can be divided into elastic component 𝑑𝜖 𝑒 and plastic component 𝑑𝜖 𝑝 as follows:
𝑑𝜖 = 𝑑𝜖 𝑒 + 𝑑𝜖 𝑝

(4.5)

The global elastic strain component for every stress increment (𝑑𝜎 ′ ) can be computed
using the elastic compliance matrix (𝐶 𝑒 ) as shown in Equation 4.7.
𝑑𝜖 𝑒 = 𝐶 𝑒 . 𝑑𝜎 ′

(4.6)
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1
−𝑣
1 −𝑣
Where, 𝐶 𝑒 = 𝐸 0
0
[0

−𝑣
1
−𝑣
0
0
0

−𝑣
−𝑣
1
0
0
0

0
0
0
2(1 + 𝑣)
0
0

0
0
0
0
0
0
0
0
2(1 + 𝑣)
0
0
2(1 + 𝑣)]

𝐸 and 𝑣 are the Young’s modulus and Poisson’s ratio of the material. The Youngs
modulus of the material is calculated using Poisson’s ratio (𝑣) and the shear modulus (𝐺),
given as:
𝐸 = 2𝐺(1 + 𝑣)

(4.7)

The evolution of plastic strains on the contact planes are based on the yield criterion (𝑓𝑖 )
and flow rule (𝑔𝑖 ) which can be defined explicitly on each individual plane. Using the
classical plasticity concept, the plastic strain increments (𝜕𝜖𝑖𝑝 ) on the 𝑖 𝑡ℎ contact plane
are given as a function of plastic potential derivative, 𝑔𝑖 shown in Equation 4.8.
𝜕𝑔

𝜕𝜖𝑖𝑝 = 𝑑𝜆𝑖 𝜕𝜎𝑖

(4.8)

𝑖

The micro-level plastic multiplier 𝑑𝜆𝑖 is determined by applying appropriate hardening
rules and compatibility conditions given as:
𝜕𝑓𝑖
𝜕𝜎𝑖

𝜕𝑓

𝑑𝜎𝑖 + 𝜕𝜖𝑝𝑖 𝑑𝜖𝑖𝑝 = 0

(4.9)

𝑖

Then the global plastic strain increment 𝑑𝜖 𝑝 is calculated by integrating the local plastic
strain contributions 𝜕𝜖𝑖𝑝 from all the contact planes as follows:
𝜕𝑔

𝜕𝑔

𝑖
𝑑𝜖 𝑝 = ∫𝑠 𝑑𝜆𝑖 𝑇𝑖 𝜕𝜎𝑖 𝑤𝑖 = ∑𝑁𝑐𝑝
𝑖=1 𝑑𝜆𝑖 𝑇𝑖 𝜕𝜎 𝑤𝑖
𝑖

𝑖

(4.10)

where 𝑤𝑖 is the weighting coefficient and 𝑁𝑐𝑝 is the number of finite orientations of the
inter-particle contact planes. Selecting the number and orientation of these contact planes
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depends on the accuracy of the model predictions with the experimental data and
computational efficiency. Bažant and Oh (1985) presented a number of finite sets of
contact plane orientations with their relative error and computational efficiency. In the
present study a set of 26 symmetrical contact plane orientations was considered for the
analysis. The direction cosines and their weight coefficients are given in Table-A1. The
orientation of these planes in a three-dimensional space is shown in Figure 4-2.

Figure 4-2. Schematic representation of the orientation of contact planes used in multilaminate framework. Plane numbers (a)1-8 (b)9-20 (c)21-26

4.3. Critical state behaviour of granular materials
Under static loading conditions the stress-strain and volumetric strain response of
granular materials such as ballast depends on the initial state of the material. When
granular soils are subjected to shearing under triaxial compression, the void ratio of the
material changes until it reaches a critical state where the net change in volumetric strains
of the material is zero (Schofield and Wroth, 1968, Roscoe and Poorooshasb, 1963,
Bolton, 1986, Wood and Belkheir, 1994). If the initial void ratio of the material is higher
than the critical void ratio of the material, the material tends to compress, and for denser
samples with low initial void ratio the material shows a dilation of volumetric strains until
it reaches a critical state. This critical state behaviour is represented as a straight line
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(CSL) in the deviatoric stress - mean effective stress (𝑞 − 𝑝′) plane (Figure 4-3) and the
specific volume - mean effective stress (𝜈 − 𝑙𝑛𝑝′) planes (Figure 4-4) based on triaxial
compression tests, as given below:
𝑞 = 𝑀𝑐 𝑝′

(4.11)

𝜈 = 𝛤𝑟𝑒𝑓 − 𝜆 𝑙𝑛𝑝′

(4.12)

Where 𝑀𝑐 is the critical state stress ratio which is the slope of CSL in 𝑞 − 𝑝′ plane; it is
related to the effective friction angle at critical state (𝜙𝑐 ) under triaxial compression as:
𝑠𝑖𝑛𝜙

𝑀𝑐 = 6 (3−𝑠𝑖𝑛𝜙𝑐 )
𝑐

(4.13)

𝜆 is the slope of the CSL in 𝜈 − 𝑙𝑛𝑝′ plane and 𝛤𝑟𝑒𝑓 is the y-intercept representing the
magnitude of specific volume when 𝑝′ = 1 𝑎𝑡𝑚.
However, drained triaxial compression tests on crushable granular materials such as
ballast and rockfills exhibited a non-linear critical state during shearing (Indraratna and
Salim, 2002) due to the unique behaviour of coarse granular materials, i.e., particle
breakage which continuously alters the critical state of the material. This nonlinear critical
state behaviour affects the stress-strain and volumetric strain behaviour of crushable
granular materials, which is why the present modelling technique uses the nonlinear
behaviour of critical state to formulate constitutive relationships on each contact plane in
the multi-laminate framework. In the present formulation, the Ballast Breakage Index
(BBI) developed for coarse granular materials is considered.
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Figure 4-3 Influence of particle breakage of ballast on the slope of critical state line in
𝑞 − 𝑝′ plane (Modified after Indraratna and Salim (2002))

Figure 4-4 Influence of particle breakage on the critical state line of railway ballast in
𝜈 − 𝑙𝑛𝑝’ plane (Data from Indraratna and Salim (2002))
Indraratna and Salim (2002) and Indraratna et al. (2015) reported that particle breakage
altered the critical state line of ballast in the 𝜈 − ln𝑝′ and 𝑞 − 𝑝′ planes, as shown in
Figure 4-3 and Figure 4-4. As breakage progresses the slope of CSL in 𝑞 − 𝑝′ plane
reduces, implying that the critical state of the material is reached faster than in the case
of no breakage. The inter-particle friction angle of ballast at a critical state, which can be
related to the slope of the critical state line (𝜙𝑐 ) also reduces with an increasing BBI. In
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multi-laminate framework, it is appropriate to use the friction coefficient 𝜇𝑐 = tan(𝜙𝑐 )
rather than the critical state stress ratio used in invariant based formulations. Based on the
experimental data from Indraratna and Salim (2002), a non-linear empirical equation
(Equation 4.14) can be formulated for the critical state friction coefficient with BBI
(Figure 4-5) as:
𝜇𝑐𝐵𝐵𝐼 = 𝜇𝑐𝑜 exp(−𝑎𝐵𝐵𝐼)

(4.14)

Where 𝑎 is a material constant, 𝜇𝑐𝑜 is the critical state friction coefficient when 𝐵𝐵𝐼 = 0

Figure 4-5 Variation of the critical state friction coefficient (𝜇𝑐,𝐵𝐵𝐼 ) with BBI for
railway ballast (data sourced from Indraratna et al 2002)
Similarly, a nonlinear equation for CSL in 𝜈 − 𝑙𝑛𝑝′ plane can be written as:
𝜈𝑐𝐵𝐵𝐼 = 𝛤𝑟𝑒𝑓,𝐵𝐵𝐼 − 𝜆𝑐 𝑙𝑛𝑝′

(4.15)

where 𝛤𝑟𝑒𝑓,𝐵𝐵𝐼 = 𝛤𝑟𝑒𝑓 − 𝑏𝑒𝑥𝑝(𝑐𝐵𝐵𝐼), 𝑏 and 𝑐 are the material constants and BBI is the
ballast breakage index.
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Furthermore, Indraratna et al. (2015) showed that the BBI evolves with the plastic shear
strain of the material and the rate of breakage reduces exponentially at higher plastic shear
strains. Due to the predominant breakage of angular corners of ballast it is assumed that
the breakage evolution function only depends on the shear strain on the contact planes,
so an exponential equation can be proposed in multi-laminate framework for breakage
(𝐵𝐵𝐼𝑖 ) on the 𝑖 𝑡ℎ contact plane (𝛾𝑖𝑝 ) given as:
𝐵𝐵𝐼𝑖 =

𝑏1
𝑝′
(𝑏3 −𝑙𝑛( ′ 0 ))
𝑝𝑎𝑡𝑚

(1 − 𝑒𝑥𝑝(−𝑏2 𝛾𝑖𝑝 ))

(4.16)

where b1 , 𝑏2 𝑎𝑛𝑑 𝑏3 are the material constants, p′0 is the initial confining stress and 𝑖
denotes 𝑖 𝑡ℎ plane. In the above equation, the parameter 𝑏1 controls the peak magnitude of
particle breakage at a constant confining stress, 𝑏2 controls the rate of increase in BBI
with incremental plastic shear strain, and 𝑏3 controls the influence of the initial confining
stress on the magnitude of particle breakage. The overall particle breakage (𝐵𝐵𝐼) can be
obtained by taking the weighted average of 𝐵𝐵𝐼𝑖 on all the planes.

4.4. Model formulation for static loading conditions
In this section the constitutive relationships for ballast under static loading conditions is
presented by incorporating the nonlinear critical state friction angle as a function of
particle breakage. Note also that all the formulations in this thesis are developed in the
𝜏 − 𝜎𝑁 stress space as per the multi-laminate framework.
4.4.1. Yield Surface
According to classical plasticity, it is assumed that plastic strains develop when the stress
state of the material is on or above the yield surface. On the 𝑖 𝑡ℎ contact plane, the
evolution of plastic strains on the contact planes during shearing can be described using
a frictional type yield locus 𝑓𝑖 .
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𝑓𝑖 = 𝜏𝑖 − 𝜇ℎ𝑖 𝜎𝑁𝑖 = 0

(4.17)

The slope of the current yield locus (𝜇ℎ𝑖 ) evolves based on the plastic shear strains that
occur on the contact plane between individual particles and are therefore related to the
mobilised friction angle as 𝜇ℎ𝑖 = tan(𝜙ℎ𝑖 ). A hyperbolic relation for 𝜇ℎ𝑖 with plastic
shear strains is considered and given as:
𝑝

𝜇ℎ𝑖 = 𝐴

𝛾𝑖

𝑝
ℎ +𝛾𝑖

𝜇𝑝𝑖

(4.18)

Where 𝜇𝑝𝑖 is the current peak friction coefficient attained during shearing and the
parameter 𝐴ℎ is the material constant termed herein as hardening parameter.
Experimental investigation of various sands by Been and Jefferies (1985) shows that the
current peak friction coefficient (𝜇𝑝𝑖 ) is a function of drained angle of shearing resistance
at the critical state and also dependent on the current state of the material. Accordingly, a
non-linear expression is proposed to consider the reduction of peak stress ratio with state
parameter (𝜓𝐵𝐵𝐼 ) given as:
𝜇𝑝𝑖 = 𝑡𝑎𝑛(𝜙′𝑝𝑖 ) = 𝜇𝑐𝐵𝐵𝐼 𝑒 −𝑘𝑝 𝜓𝐵𝐵𝐼

(4.19)

where 𝜓𝐵𝐵𝐼 = 𝜈 − 𝜈𝑐𝐵𝐵𝐼 and 𝜈 is the current specific volume, 𝜇𝑐𝑖𝐵𝐵𝐼 is the critical state
friction coefficient in 𝑖 𝑡ℎ plane and 𝑘𝑝 is the model parameter.
4.4.2. Dilatancy
A non-associated flow rule is considered for deviatoric hardening of ballast. On an
individual sliding plane, dilatancy can be represented as the ratio between plastic strains
in the normal direction to the shear direction, given as:
𝑝

𝑑𝑖𝑙𝑖 =

𝜕𝛽𝑖

𝑝
𝜕𝛾𝑖

(4.20)
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To incorporate the influence of the current state of the material and the critical state, a
state-dependent dilatancy function for triaxial compression, proposed by Li et al. (1999)
was modified to represent dilatancy at the contact planes given as:
𝑑𝑖𝑙𝑖 = 𝑘𝑑 [𝑒 𝑚𝜓𝐵𝐵𝐼 − 𝜇

𝜂𝑖
𝑐𝐵𝐵𝐼

]

(4.21)
𝜏

𝜂𝑖 is the stress ratio at current loading point on each sampling plane (𝜎 𝑖 ) , 𝑚 is the
𝑁𝑖

dimensionless power coefficient and 𝑘𝑑 is a material constant. It can be seen from
Equation 4.21 that, dilatancy varies for each sampling plane and is dependent on the
imposed stress ratio 𝜂𝑖 on the contact plane.
Using the expression for dilatancy (Equation 4.21), a plastic potential function can be
proposed in the 𝜏 − 𝜎𝑁 stress space on the individual sampling plane given as:
𝐺𝑖 = 𝜏𝑖 + 𝑑𝑖𝑙𝑖 𝜎𝑁𝑖

(4.22)

These constitutive equations developed in multi-laminate framework show that, the
hardening function, dilatancy and particle breakage evolve independently on each contact
plane at microscopic level. In addition, this microscopic response of the material also
incorporates the macroscopic behaviour, while considering the effects of void ratio on the
mobilisation of friction angle on each contact plane. Note that the proposed constitutive
framework can be used to simulate the behaviour of crushable granular materials under
static loading conditions for triaxial compression as well as stress paths that include
intermediate principal stress and principal stress rotation. The performance of the static
model under these stress conditions is investigated in Chapter 5.
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4.5. Model formulation for cyclic loading conditions
The constitutive relationships for static loading conditions are necessary to determine key
characteristics of the material such as its peak shear strength and critical state behaviour.
However, railway tracks are subjected to thousands of train passages and millions of load
repetitions during their lifetime, so the performance of the granular layers such as ballast
is often determined by the long-term deformation and settlement due to these repeated
loading cycles (Indraratna et al., 2014). In this section the static loading model is extended
using the bounding surface plasticity concept and updated hardening rules for repeated
loading conditions within the framework of multi-laminate model.
4.5.1. Particle breakage during cyclic loading
Particle breakage of railway ballast is one of the important aspects of railway ballast under
cyclic loading conditions. Constitutive models for cyclic loading must include the
evolution of breakage under loading, unloading and reloading phases to simulate actual
behaviour. Experimental (Indraratna et al., 2010b, Indraratna et al., 2005) and field
investigations (Indraratna et al., 2010a, Nimbalkar and Indraratna, 2016) showed that
particle breakage increases with the number of loading cycles and most of the breakage
occur during the initial 1000 cycles and then becomes insignificant after 10000 cycles
when the material reaches a densified state. Using the static breakage evolution criterion
for cyclic loading will lead to an inaccurate prediction of particle breakage in constitutive
modelling which can result in inaccurate prediction of plastic strains. In this section, a
new semi-analytical framework for calculating the Cumulative Breakage Index (CBI) is
proposed to capture the evolution of particle breakage during progressive loading cycles.
This CBI was developed based on the concept of BBI under monotonic loading
introduced by Indraratna and Salim (2002).

Figure 4-6 shows the schematic
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representation of the evolution of particle size distribution (PSD) curve during each cycle
of cyclic loading.

Figure 4-6 Schematic representation of the evolution of Particle size distribution curve
of ballast for multiple loading cycles
The proposed formulation is based on the following assumptions:
1. Particle breakage occurs during loading and reloading cycles, but not unloading
cycles
2. In each reloading cycle, breakage is computed based on the evolution of PSD during
that reloading cycle
3. Breakage under any loading cycle depends on the breakage occurred during the
previous loading cycles and can be considered as breakage history
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During the first loading cycle, the evolution of breakage can be estimated by finding the
ratio of the area under the initial PSD (𝑃𝑆𝐷0 ) and final PSD (𝑃𝑆𝐷1 ), andcan be written
as
𝐴1

𝐵𝐵𝐼1 = 𝐴

(4.23a)

1 +𝐵1

Re-writing Equation 4.23a gives,
𝐵1 =

(𝐴1 (1−𝐵𝐵𝐼1 ))

(4.23b)

𝐵𝐵𝐼1

As shown in Figure 4-6, 𝐴1 is the change in PSD area during the first cycle, and 𝐴1 + 𝐵1
is the total area under PSD initially. Similarly, for the second cycle, the breakage that
occurs in that cycle (𝐵𝐵𝐼2 ) will be the ratio of the area of difference between the first and
second cycle, written as:
𝐵𝐵𝐼2 = 𝐴

𝐴2

(4.23c)

2 +𝐵2

Furthermore, for the second loading cycle, 𝐴2 + 𝐵2 = 𝐵1, so substituting Equation 4.23b
into Equation 4.23c gives:
𝐴

𝐵𝐵𝐼2 = 𝐵2 = 𝐴
1

𝐴2 𝐵𝐵𝐼1

1 (1−𝐵𝐵𝐼1

(4.23d)

)

Rearranging Equation 4.23d gives the particle breakage after 2nd cycle
𝐵𝐵𝐼2 = (𝐴

𝐴2

(4.23e)

1 +𝐵1 )(1−𝐵𝐵𝐼1 )

Similarly, particle breakage after the 3rd cycle can be written as a function of breakage in
the previous 2 cycles as follows:
𝐴

𝐴3 ∗𝐵𝐵𝐼2
2 (1−𝐵𝐵𝐼2 )

𝐵𝐵𝐼3 = 𝐵3 = 𝐴
2

𝐴3
1 +𝐵1 )(1−𝐵𝐵𝐼1 )(1−𝐵𝐵𝐼2 )

= (𝐴

(4.23f)
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Following the above formulation, breakage occurring during the 𝑁 𝑡ℎ cycle can be written
as
𝐵𝐵𝐼𝑁 = (𝐴

1 +𝐵1

𝐴𝑁
)∗(1−𝐵𝐵𝐼1 )∗(1−𝐵𝐵𝐼2 )∗…∗(1−𝐵𝐵𝐼𝑁−1 )

(4.24)

𝐴𝑁 denotes change in the area under the PSD curve during the 𝑁 𝑡ℎ cycle. At the end of
𝑁 cycles, the expression for the cumulative breakage index (CBIN) can be given as:
∆𝐴𝑟𝑒𝑎

𝐶𝐵𝐼𝑁 = 𝑇𝑜𝑡𝑎𝑙 𝑎𝑟𝑒𝑎 =

∑𝑁
𝑖=1 𝐴𝑖
𝐴1 +𝐵1

𝐶𝐵𝐼𝑁 = 𝐶𝐵𝐼𝑁−1 + 𝐵𝐵𝐼𝑁 ∗ (1 − 𝐵𝐵𝐼𝑁−1 ) … … … (1 − 𝐵𝐵𝐼1 )

(4.25)

(4.26)

And the evolution of particle breakage on the 𝑖 𝑡ℎ plane, during the 𝑁 𝑡ℎ reloading cycle is
similar to Equation 4.16, given by:
𝐵𝐵𝐼𝑖𝑁 =

𝑏1
𝑝′
(𝑏3 −𝑙 𝑛( ′ 𝑖 ))
𝑝𝑎𝑡𝑚

(1 − 𝑒𝑥𝑝 (−𝑏2 𝑑𝛾𝑖𝑝 𝑁 ))

(4.27)

where 𝑑𝛾𝑖𝑝 𝑁 is the plastic shear strain on the 𝑖 𝑡ℎ plane in the current loading cycle,
𝑏1 , 𝑏2 𝑎𝑛𝑑 𝑏3 are the material parameters which affect breakage evolution in each cycle,
′
𝑝𝑖′ is the initial mean effective stress, and 𝑝𝑎𝑡𝑚
=101 kPa.

The cumulative breakage equation (Equation 4.26) shows that the particle breakage that
occurred in the previous cycles (breakage history) also helped to capture breakage for
the next cycle. A schematic representation of the evolution of particle breakage with the
number of loading cycles is shown in Figure 4-7.
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Figure 4-7 Schematic representation of the evolution of breakage with plastic deviatoric
strain for multiple loading cycles
4.5.2. Dilatancy during cyclic loading
Large-scale drained cyclic triaxial tests conducted on ballast by Sun et al. (2015) showed
that, dilatancy of the material under cyclic loading condition is affected by the loading
frequency. It was also observed that ballast samples showed greater compression at higher
loading frequencies, even though the high cyclic loading amplitude tends to dilate the
material. This was attributed to the rapid increase in particle breakage, which resulted in
the reduction of void ratio and more compression. To incorporate this behaviour, the static
dilatancy relationship is modified using 𝑑𝑓 given as:
𝑝

𝑑𝑖𝑙𝑖 =

𝑑𝛽𝑖

𝑝
𝑑𝛾𝑖

= 𝑘𝑑 (1 + 𝑑𝑓 ∗ 𝑓) (𝑒 𝑚𝜓𝐵𝐵𝐼 − 𝜇

𝜂𝑖
𝑐𝐵𝐵𝐼

)

(4.28)

where 𝑓 is the loading frequency and 𝑑𝑓 is a material constant
For each plane, four different surfaces in the 𝜏 − 𝜎′𝑁 stress space are defined for
determining plastic strains: (𝑖) failure surface indicating critical state, ( 𝑖𝑖) bounding
surface which records the memory of strains in the previous loading cycle, (𝑖𝑖𝑖)
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yielding/loading surface to determine the direction of plastic strains and (𝑖𝑣) plastic
potential surface which determines the ratio of the volumetric to deviatoric strains.
4.5.3. Bounding and loading surfaces
During cyclic loading, plastic deformation occurs when the stress state lies on or outside
the yield surface. As the number of loading cycles increases, the distance between the
yield surface and the bounding surface decreases, which affects the plastic hardening
modulus of the material. This is achieved by defining the plastic modulus as a reducing
function of the distance between the yield and bounding surfaces. In multi-laminate
framework, as all the equations are represented in 𝜏 − 𝜎′𝑁 stress space, the stress state
on the bounding surface for the 𝑖 𝑡ℎ plane (𝜏𝑖𝐵 , 𝜎𝑁′𝐵 𝑖 ) is represented using the suffix B.
Russell and Khalili (2004) and Kan and Taiebat (2014) proposed a bounding surface for
highly crushable granular sand, which changes its shape based on the breakage of
individual particles at high normal stresses. These models consider the breakage of the
material at relatively high normal stresses where the bounding surface is linear at low
normal stresses. However, coarse granular materials like railway ballast tend to show
nonlinear behaviour at low normal stresses and this cannot be applied directly (Indraratna
et al., 1998). This highly nonlinear behaviour of ballast is mainly attributed to particle
breakage, even at low confining stresses. To overcome these limitations, a teardrop
shaped yield and bounding surfaces are adopted in this study based on the cumulative
particle breakage, which incorporates the nonlinear behaviour of ballast at low normal
stress. The bounding surface (shown in Figure 4-8) on the 𝑖 𝑡ℎ plane can be written in the
𝜏 − 𝜎′𝑁 stress space as

′𝐵
𝐹𝑖𝐵 (𝜎𝑖′𝐵 , 𝜇𝑐 ) = 𝜏𝑖𝐵 − 𝜇ℎ𝑖 𝜎𝑁𝑖
[

1
𝑦𝐵
𝜎′𝐵
𝑁𝑐𝑖
ln( ′𝐵 )
𝜎𝑁𝑖

𝑙𝑛𝑅

]

=0

(4.29)
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′𝐵
′𝐵
(𝜏𝑖𝐵 , 𝜎𝑁𝑖
) is the stress state on the bounding surface and 𝜎𝑁𝑐𝑖
is the 𝑥 -intercept of

bounding surface. 𝜇ℎ𝑖 is the slope which is controlled by the cumulative particle breakage
(CBI) during progressive loading cycles and effective confining pressure during loading,
given as:
𝑝

𝜇ℎ𝑖 = 𝜇𝑐 ∗ (𝐴

𝛾𝑖

𝑝
ℎ +𝛾𝑖

) , 𝜇𝑐 = 𝜇𝑐0 exp(−𝑐𝐶𝐵𝐼)

(4.30)

𝜇𝑐0 is the slope of the critical state line in 𝜏 − 𝜎𝑁′ plane without particle breakage, 𝑦𝐵
′𝐵
controls the curvature and shape of the surface, and 𝑅 is the ratio of 𝜎𝑁𝑐𝑖
to the normal

stress at the intersection of bounding surface with the CSL, as shown in Figure 4-8. Note
that the bounding surface is independent for each sampling plane considered in multilaminate framework.
When 𝑅 = 1 and 𝑦𝐵 = ∞, the equation of the bounding surface reduces to the shape of a
′𝐵
nonlinear CSL. The term 𝜎𝑁𝑐𝑖
controls the size of the bounding surface and is related to

the evolution of plastic normal strain 𝛽𝑖𝑝 . By intersecting critical state line and bounding
′𝐵
surface and using the parameter 𝑅, 𝜎𝑁𝑐𝑖
can be determined as:

1+𝑒

′𝐵
′
𝜎𝑁𝑐𝑖
= 𝑅 𝜎𝑁𝑢
𝑒𝑥𝑝 ( 𝜆−𝜅0 𝛽𝑖𝑝 )

(4.31)

′
𝜎𝑁𝑢
is the unit normal stress and 𝜅 is the swelling index. The loading surface is assumed

similar to bounding surface with the same shape and both passing through origin shown
in Equation 4.32.

′
𝐹𝑖 (𝜎 ′ , 𝜇ℎ ) = 𝜏𝑖 − 𝜇ℎ𝑖 𝜎𝑁𝑖
[

1
𝜎′𝑁𝑐𝑖 𝑦𝐵
ln( ′ )
𝜎𝑁𝑖

𝑙𝑛𝑅

]

=0

(4.32)
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Equation 4.29 shows that the size and shape of the bounding surface varies with particle
′𝐵
′𝐵
breakage (CBI) and normal stress (𝜎𝑁𝑖
). At a constant 𝜎𝑁𝑖
, higher particle breakage (CBI)

leads to shrinkage of bounding surface and the non-linearity of bounding surface at low
′𝐵
normal stress increases (Figure 4-9). With constant particle breakage, an increasing 𝜎𝑁𝑖

leads to an expansion of the bounding surface, thus indicating higher shear strength at
high confining pressures.
4.5.3.1. Radial mapping rule
For any stress state, the corresponding stress state on the bounding surface can be
formulated using the radial mapping rule as follows:
𝐵
𝐵
𝜎𝑁𝑖
= 𝑥̂ 𝜎𝑁𝐶𝑖

(4.33)

𝐵
𝜏_𝑖 𝐵 = 𝜂𝑥̂ 𝜎𝑁𝐶𝑖

(4.34)

Where 𝑥̂ is a function of the current stress ratio and can be determined by substituting
Equations 4.33 and 4.34 in Equation 4.29 given as:
𝑥̂ =

1
𝜂 𝑦𝐵
exp[ln 𝑅 ( 𝑖 ) ]

(4.35)

𝜇ℎ𝑖
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Figure 4-8 Bounding and loading surfaces according to bounding surface plasticity

Figure 4-9 Representation of the influence of particle breakage on bounding surface
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4.5.4. Hardening rule
Following the basic principles of bounding surface plasticity, the evolution of plastic
hardening modulus of the material is expressed as a summation of the plastic modulus on
the bounding surface and the additional hardening due to the conjugate distance between
the bounding surface and the current loading surface (𝛿 ) (Figure 4-8) (Dafalias and
Popov, 1975).
𝐻𝑖 = 𝐻 𝐵𝑖 + 𝐻𝑖𝛿

(4.36)

Where 𝐻𝑖𝐵 is the plastic modulus on the bounding surface and 𝐻𝑖𝛿 is the additional
modulus for the 𝑖 𝑡ℎ plane. By applying the consistency condition at the bounding surface
with isotropic hardening with plastic shear and normal strains on each sampling plane,
𝐻𝑖𝐵 can be defined as
𝜕𝐹𝐵 𝜕𝜇ℎ 𝜕𝑔𝐵

𝐻𝑖𝐵 = − ( 𝜕𝜇

ℎ

𝜕𝛾𝑝

𝜕𝜏𝐵

𝐵
𝜕𝐹𝐵 𝜕𝜎𝑁𝑐
𝜕𝑔𝐵

+ 𝜕𝜎𝐵

𝑁𝑐

𝐵
𝜕𝛽 𝑝 𝜕𝜎𝑁

)

(4.37)

𝑖

The derivation of the plastic hardening modulus 𝐻 𝐵 is shown in Appendix-B. The shape
of the cap surface in the tear drop shaped bounding surface (Figure 4-8) shifts inside or
outside, depending on the isotropic volumetric hardening of the surface with normal
𝐵
strains. To compute the additional hardening modulus, the evolution of 𝜎𝑁𝑐
with plastic

normal strains (𝛽𝑖𝑝 ) is considered, given as:
𝐻𝑖𝛿 =

Where,

𝐵
𝜕𝜎𝑁𝑖
𝑝
𝜕𝛽𝑖

𝐵
𝜕𝜎𝑁𝑖
𝑝

𝜕𝛽𝑖

∗ (𝛿

𝛿

𝑚𝑎𝑥 −𝛿

)

(4.38)

1+𝑒

𝐵
= −𝜎𝑁𝑖
( 𝜆−𝑘0) ,

𝐵
𝐵 )2
𝛿 = √(𝜏𝑖𝐵 − 𝜏𝑖 )2 + (𝜎𝑁𝑖
− 𝜎𝑁𝑖 )2 and 𝛿𝑚𝑎𝑥 = √(𝜏𝑖𝐵 )2 + (𝜎𝑁𝑖
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Past experimental studies on ballast showed that the plastic strain increment after a certain
number of loading cycles becomes negligible and the material tends to reach a densified
or a shakedown state (Lackenby et al., 2007, Sun et al., 2015). To incorporate this
behaviour, a power function of plastic normal strain (𝛽 𝑝 ) with number of loading cycles,
𝑁 is included in the plastic hardening modulus given as:

𝐵
𝐻𝑖𝛿 = −𝜎𝑁𝑖
(

1+𝑒0
𝜆

) (𝛿

𝛿

𝑚𝑎𝑥

𝑁

) (1 + 𝛽𝑖𝑝 )𝛼𝑠
−𝛿

(4.39)

Where 𝛼𝑠 is a model parameter, affecting the shakedown behaviour of strains with
number of loading cycles.

4.6. Model parameters
The subroutine of the proposed constitutive model in multi-laminate framework was
implemented in MATLAB computing software using two distinct subroutines for static
and cyclic loading conditions. The subroutine for cyclic loading conditions is given in
Appendix-C. 19 different material parameters were used in the constitutive model, they
include elastic parameters such as shear modulus (𝐺) and Poisson’s ratio (ν), critical state
parameters such as 𝜆𝑐𝑠 , 𝛷𝑐𝑠 and 𝛤𝑟𝑒𝑓 , parameters controlling dilatancy such as 𝑘𝑑 , 𝑑𝑓 and
𝑚, hardening parameters such as 𝑘𝑝 and ℎ, and the parameters controlling the evolution
of bounding surface such as 𝑅, 𝑦𝐵 , 𝛼𝑠 . The evolution of particle breakage during cyclic
loading is governed by 𝑏1 , 𝑏2 𝑎𝑛𝑑 𝑏3 and the parameters 𝑎, 𝑏 𝑎𝑛𝑑 𝑐 control the influence
of particle breakage on the reduction of critical state friction angle (𝛷𝑐𝑠 ). Table 4-1 shows
the method of estimating each of these parameters from drained triaxial compression tests.
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Table 4-1 Model parameters and their method of determination
Determination
S.No
Model parameter
method/Equation

Figure/
Reference

1

Shear modulus, E

Slope of 𝑞 − 𝜀𝑠 curve at small
strains

Figure 4-10

2

Poisson’s Ratio, ν

Ratio of lateral and axial strains
at small strains

0.27-0.35

3

Hardening constant 𝐴ℎ

Trial and error

Figure 4-11

4

𝑘𝑝

𝑘𝑝 = −

𝑡𝑎𝑛(𝛷𝑝 )
1
ln (
)
ψp
𝑡𝑎𝑛(𝛷𝑐𝑠 )

Critical state Parameters
5
6
7
8
9
10

𝑠𝑖𝑛𝛷

Critical state friction angle (𝜙𝑐0 )

𝑀𝑐0 = 6 ∗ 3−𝑠𝑖𝑛𝛷𝑐0

𝛤𝑟𝑒𝑓

y-intercept on 𝑣 − 𝑙𝑛𝑝′ plot

Figure 4-3,

λ, κ

Slope of 𝑣 − 𝑙𝑛𝑝′ plot

Figure 4-4

𝑎

Plotting ψ with BBI

𝑏

𝛷𝑐𝑠 vs BBI plot

𝑐0

𝑐
Dilatancy Parameters
11
12

𝑚
𝑘𝑑
Bounding surface Parameters

13
14

R
𝑦𝐵

𝑚=

1
𝑡𝑎𝑛(𝛷𝑑 )
ln (
)
ψd
𝑡𝑎𝑛(𝛷𝑐𝑠 )

Determined from 𝜀𝑣 − 𝜀𝑠
curves
performing a best-fit regression
analysis of the experimental
data

Indraratna et
al. (2015)

Tennakoon et
al. (2015)
Kan and
Taiebat (2014)

Cyclic hardening rule
15
16

𝛼𝑠

Figure 4-13
Parametric study
Figure 4-14

𝑑𝑓
Breakage evolution parameters

17
18
19

𝑏1
𝑏2

Plotting BBI vs plastic
deviatoric strain during drained
triaxial compression

Figure 4-12

𝑏3
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4.6.1. Calibration of model parameters
The elastic shear modulus 𝐺 was determined by computing the slope of the stress-stain
curve at very small strains, as shown in Figure 4-10. For coarse granular materials like
ballast, Poisson’s ratio is typically in the range of 0.27-0.35. The critical state parameters
and hardening parameters were estimated using the drained triaxial compression test
results under static loading conditions. The slope of the critical state line in 𝑞 − 𝑝′ space
can be measured and back calculated using Equation 4.40, as shown in Figure 4-3, to
obtain the critical state friction angle. The slope of the critical state line in 𝑣 − 𝑙𝑛𝑝′ gives
𝜆𝑐𝑠 and its intercept with the y axis gives 𝛤𝑟𝑒𝑓 as shown in Figure 4-4.
3𝑀

𝛷𝑐0 = 𝑠𝑖𝑛−1 (6+𝑀𝑐0 )
𝑐0

(4.40)

𝐾𝑝 was determined by plotting the ratio of peak friction angle to critical state friction
angle with the state parameter ψ given as:
𝑡𝑎𝑛(𝛷𝑝 )

1

𝑘𝑝 = − ψ log (𝑡𝑎𝑛(𝛷 ))
𝑐𝑠

(4.41)

The dilatancy parameters 𝑘𝑑 𝑎𝑛𝑑 𝑚 were estimated from the 𝜀𝑣 − 𝜀𝑠 curves. Equation
4.42 gives the parameter 𝑚 defined at the phase transformation state where the volumetric
strains change from positive (compressive) to negative (dilatant), i.e., when dilatancy
becomes zero.
1

𝑡𝑎𝑛(𝛷 )

𝑚 = ψ ln (𝑡𝑎𝑛(𝛷 𝑑 ))
d

𝑐𝑠

(4.42)

The hardening parameter 𝐴ℎ , which controls the shape of the stress-strain plot was
determined by trial and error, as shown in Figure 4-11. Smaller magnitudes of 𝐴ℎ
accelerates the rate of hardening and the phase transformation state is reached much
faster. Also, an increase in 𝐴ℎ leads to more strains in the compressive zone.
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The breakage parameters 𝑏1 , 𝑏2 𝑎𝑛𝑑 𝑏3 were determined by plotting the BBI at different
levels of plastic deviatoric strain for various initial confining stresses. For plotting this
curve, multiple tests must be carried out, stopping each test at various strain levels. The
BBI for each strain level must be calculated by measuring the ratio of change in particle
size distribution before and after loading. The parameters 𝑦𝐵 can be determined by fitting
the equation of the bounding surface to the effective stress path of undrained response. 𝑅
can be determined from isotropic consolidation data (Kan and Taiebat 2014). Since,
undrained tests on coarse granular materials are not common in practice, 𝑦𝐵 and 𝑅 were
obtained based on simulation of ballast under different loading conditions. It was found
that constant values of 5 and 10 were sufficiently accurate for 𝑦𝐵 and 𝑅, respectively.

Figure 4-10 Method of estimation of shear modulus from 𝑞 − 𝜀𝑠 curves
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Figure 4-11 Qualitative representation of the influence of parameter 𝐴ℎ on the stressstrain behaviour of granular materials

Figure 4-12 Evolution of BBI for latite basalt aggregates with plastic deviatoric strains
at different confining stresses (Test data from Indraratna and Salim 2002)
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4.6.2. Parametric Study
4.6.2.1. Effect of 𝒅𝒇 on stress-strain behaviour
The parameter 𝑑𝑓 quantifies the influence of loafing frequency on the cyclic dilatancy of
ballast during multiple loading cycles. 𝑑𝑓 is varied from 0 to 0.01, with all the other
parameters of the model kept constant. Figure 4-13 shows the evolution of volumetric
strains with the number of loading cycles for different values of 𝑑𝑓 for the loading case,
𝑞 = 350 kPa, 𝜎3′ = 30 𝑘𝑃𝑎, and 𝑓 = 20 Hz. For lower magnitudes of 𝑑𝑓 , the material
showed dilatant response and as 𝑑𝑓 increases, the volumetric strains gradually showed
increased compression. The impact of this parameter is greater at higher frequencies,
where the material shows increased compression behaviour.

Figure 4-13 Influence of df on volumetric strains during cyclic loading
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4.6.2.2. Effect of 𝜶𝒔 on stress-strain behaviour
The parameter 𝛼 was varied by keeping 𝑑𝑓 = 0. The evolution of plastic axial strain after
1000 cycles is shown in Figure 4-14 for different values of 𝛼𝑠 . It can be seen from Figure
4-14 that, smaller values of 𝛼𝑠 lead to a quicker shakedown state that for higher values.
The higher the value of 𝛼𝑠 , the rate of change in additional modulus (Equation 4.39) with
each loading cycle is smaller, leading to a smaller plastic hardening modulus. This leads
to higher permanent strains when shakedown is reached. For a material, the value of 𝛼𝑠
can vary with different initial conditions, such as the void ratio of the material.

Figure 4-14 Influence of 𝛼𝑠 on the axial strain evolution during cyclic loading

96

Chapter 4 Formulation of constitutive model for ballast in a multi-laminate framework

4.7. Conclusions
In this chapter a new constitutive model was presented to simulate the stress-strain and
deformation behaviour of coarse granular materials like ballast under static loading
conditions. The concept of multi-laminate framework was used to develop constitutive
relationships so that the model would predict the stress-induced anisotropy of granular
materials under three-dimensional stress paths, including intermediate principal stresses
and principal stress rotation. These three-dimensional global stresses are transformed into
a local stress state on a finite set of inter-particle contact planes, and constitutive
relationships were developed at the inter-particle contact plane level. The influence of the
Ballast Breakage Index (BBI) on the nonlinear critical state of coarse granular materials
was incorporated. Accordingly, the yield and plastic potential functions were formulated
in 𝜏 − 𝜎′𝑁 stress space based on the non-linear critical state friction angle, which evolved
as the BBI developed during loading.
The static loading model was then extended for cyclic loading conditions using bounding
surface plasticity to simulate the cyclic densification of ballast at a large number of
loading cycles. A new semi-analytical function, ‘cumulative breakage index’ (CBI) was
developed for ballast to simulate the evolution of breakage with each loading cycle. A
non-linear tear drop shaped capped bounding and yield surfaces were developed in 𝜏 −
𝜎′𝑁 stress space using a multi-laminate framework. The loading surfaces are expressed
as a function of the CBI and the normal stresses on the contact plane (𝜎′𝑁 ), which affect
the shape and size of the surface, respectively. A new hardening rule was presented based
on the evolution of yield and bounding surface. Using the proposed hardening rule, the
model captured three key aspects governing the hardening behaviour of ballast. The
magnitude of the additional hardening modulus becomes zero on the bounding surface
and becomes infinity for stresses in the elastic regime. The influence of plastic shear
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strains on the hardening modulus was captured in the additional hardening modulus using
an exponential function of shear strains and the number of loading cycles, which controls
the shakedown behaviour of ballast. The third aspect, the influence of the current stress
state was captured using 𝜎𝑁𝐵 .
The proposed model needed 15 parameters to simulate the behaviour of coarse granular
materials under static loading conditions, and for cyclic loading conditions an additional
4 parameters were needed for model predictions. The influence of each parameter on the
stress-strain and dilatancy behaviour and method of estimating these parameters from
drained triaxial compression testing was also discussed in this chapter.
In Chapter 5 the proposed constitutive model in multi-laminate framework is used to
predict the stress-strain and volumetric strain response of various granular materials under
static loading conditions. The influence of different types of stress paths, such as variation
of confining stress, intermediate principal stress and principal stress rotation on the
behaviour of ballast are investigated.
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Model predictions of the behaviour of granular materials
under static loads
5.1. Introduction
In this chapter the constitutive model in multi-laminate framework presented in Chapter
4, is used to simulate the deformation and degradation of coarse granular materials such
as railway ballast and rock fill under static loading conditions. Three stress conditions are
used to analyse the behaviour of these materials; the stress paths for triaxial compression
where the minor and intermediate principal stresses are equal, stress paths with varying
intermediate principal stress, and stress paths with varying orientations of principal stress
axes. The model predictions are first validated under triaxial compression for various
coarse granular soils, and then the influence that the intermediate principal stress and
principal stress rotation angles have on the stress-strain, dilatancy and particle breakage
of ballast is presented.

5.2. Types of drained stress paths under static loading conditions
Granular materials used in railway tracks under moving loads are often subjected to
stresses in vertical, lateral and longitudinal stress. In shallow layers such as railway
ballast, the lateral stress may remain constant, but the magnitudes of vertical and
longitudinal stress change during the passage of trains; moreover, the direction of the
principal stress axes also rotate under moving wheel loads. The rotation of intermediate
principal stress and principal stress leads to different stress paths in three-dimensional
principal stress space. To estimate the strength and dilatancy of these granular materials
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under such conditions, typical static stress paths with intermediate principal stress and
principal stress axes rotation are considered.

(a)

(b)

Figure 5-1 Schematic representation of (a) Three-dimensional stress state on a soil
element with shear stress developed in the longitudinal direction (b) Rotation of
principal stress axes in the x-z (longitudinal) plane
Figure 5-1(a) shows the three dimensional stress on a soil element in the ballast layer.
Under triaxial compression, the vertical stress is the major principal stress (𝜎𝑧 ′ = 𝜎1 ′)
increased under constant lateral and longitudinal stress ( 𝜎𝑥′ = 𝜎𝑦 ′ = 𝜎3 ′ ), and the
principal stress rotation angle 𝛼 = 0 . The typical stress paths in 𝑞 − 𝑝′ stress space
followed by the material in triaxial compression at different magnitudes of confining
stress are shown in Figure 5-2.
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Figure 5-2 Typical drained triaxial compression stress paths at different confining
stresses
Under the second loading condition, the stress paths of triaxial compression with different
magnitudes of intermediate and minor principal stresses are considered, but the direction
of all three principal stress axes is kept constant. To quantify the variation of intermediate
principal stress, the intermediate principal stress ratio (𝑏) is used, and is given as:
𝜎′ −𝜎′

𝑏 = 𝜎2′ −𝜎3′
1

(5.1)

2

where 𝜎1 , 𝜎2 , 𝜎3 are the major, intermediate, and minor principal stresses respectively. 𝑏
varies from 0 to 1, with 𝑏 = 0 representing triaxial compression, and 𝑏 = 1 representing
triaxial extension. A graphical representation of the stress paths with different
intermediate principal stress is shown in Figure 5-3. The three dimensional stress matrix
can be written by including 𝑏 as
𝜎1′
𝜎𝑖𝑗′ = [ 0
0

𝑏

(𝜎1′

0
− 𝜎3′ ) + 𝜎3′
0

0
0 ]
′
𝜎3 = 𝜎c′

(5.2)
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Figure 5-3 Representation of stress path with different magnitudes of ‘b’ in principal
stress space
In railway tracks, the movement of the train means that the principal stress axes only
rotate in the longitudinal direction of the track due to the development of shear stress
(𝜏𝑧𝑥 ) on the soil element in a longitudinal direction, as shown in Figure 5-1(b). The
principal stress rotation angle (𝛼) can be expressed as:
2𝜏

𝑧𝑥
𝛼 = tan−1 (𝜎′ −𝜎
′)
𝑧

(5.3)

𝑥

The major (𝜎1′ ) and minor (𝜎3′ ) principal stresses can be written as a function of 𝛼 given
by Equations 1 and 2.
𝜎1′ =
𝜎3′ =

𝜎𝑧′ +𝜎𝑥′
2
𝜎𝑧′ +𝜎𝑥′
2

+
−

𝜎𝑧′ −𝜎𝑥′
2
𝜎𝑧′ −𝜎𝑥′
2

√1 + tan2 𝛼

(5.4)

√1 + tan2 𝛼

(5.5)

Furthermore, the intermediate principal stress ratio ‘𝑏’ during principal stress rotation can
be represented as a function of 𝛼 as given in Equation 5.6.
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𝑏 = sin2 𝛼

(5.6)

The stress paths at various orientations of principal stress axes ( 𝛼 ) are typically
represented in 2𝜏𝑋𝑍 − (𝜎𝑧′ − 𝜎𝑥′ ) plane, as shown in Figure 5-4.
For simplicity, the following stress and strain notations are used in the following sections.
Deviatoric stress 𝑞 =

1
√2

√(𝜎1′ − 𝜎2′ )2 + (𝜎2′ − 𝜎3′ )2 + (𝜎3′ − 𝜎1′ )2

Mean effective stress 𝑝′ =
Deviatoric strain 𝜖𝑠 =

√2
3

𝜎1′ +𝜎2′ +𝜎3′
3

√(𝜖1 − 𝜖2 )2 + (𝜖2 − 𝜖3 )2 + (𝜖3 − 𝜖1 )2

Volumetric strain 𝜖𝑣 = 𝜖1 + 𝜖2 + 𝜖3
For loading cases of triaxial compression and true-triaxial compression, 𝑞 and 𝜖𝑠 are
called the deviatoric stress and deviatoric strain. For the loading cases with principal
stress rotation, they are called octahedral shear stress and octahedral shear strain, unless
otherwise stated.

Figure 5-4 Static stress paths in 2𝜏𝑋𝑍 − (𝜎𝑧′ − 𝜎𝑥′ ) plane at different orientations of 𝛼
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5.3. Model Predictions under triaxial compression (b=0, α=0)
The model was used to simulate the response of different coarse granular soils under
monotonic drained triaxial compression at different confining stresses where 𝑏 =
0 and 𝛼 = 0. The model parameters were calibrated from the experimental data and the
model predictions of stress-strain and volumetric strain response was compared with the
experimental results. The influence of different confining stresses and particle breakage
on the shear strength and volumetric strains of the material was analysed. Five
independent sets of drained triaxial compression test data were selected for validation;
they include four data sets on railway ballast and one sandstone rock fill. The calibrated
model parameters for each material are shown in Table 5-1.
5.3.1. Railway ballast:
Figures 5-5(a) & (b) shows the model predictions of stress-strain and volumetric strain
behaviour for latite basalt, compared with experimental data from Salim and Indraratna
(2004). The simulations were carried out at three confining stresses, 𝜎3′ =50, 100 and 200
kPa. The model captures the influence of increasing confining stresses on the stress-strain
and volumetric strain response of ballast quite accurately with the experimental data. As
seen from Figure 5-5(a), an increase in the confining stress of the material led to an
increase in the peak deviatoric stress (𝑞) of the material. The volumetric strains of the
material became dilative at low confining stresses and showed more compression at high
confining stresses, as shown in Figure 5-5(b). Figures 5-6(a) & (b) show the model
predictions of the stress path followed and the evolution of void ratio (𝑒) during the
simulation at different confining stresses and are in close agreement with the experimental
data.
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The model prediction of the evolution of particle breakage with plastic deviatoric strain
is compared with the experimental data, as shown in Figure 5-7. In multi-laminate
framework, particle breakage evolves at the microscopic level on each plane and in turn,
affects the macroscopic strains of the material. For comparison with the experimental
data, the weighted average of breakage on all these planes was considered. Figure 5-7
shows that, increasing confining stresses led to increased particle breakage and the model
prediction of average BBI closely matched with the experimental data. This result is also
justified by Equation 4.16, where particle breakage is inversely proportional to the mean
effective stress, which increases by increasing the confining stress (Indraratna et al.,
2015). Moreover, the rate of breakage decreased as the plastic deviatoric strains increased.
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Table 5-1 Model parameters for different granular materials for static loading
Latite
basalt
(Salim and
Indraratna,
2004)

Crushed
Limestone
basalt
aggregates
(Indraratna (Aursudkij
et al.,
et al.,
2015)
2009)

Basalt
(Suiker
et al.,
2005)

Granite
Sandstone
rockfill
rockfill
(Xiao
(Varadarajan
et al.,
et al., 2003)
2014)

𝜎3 (𝑘𝑃𝑎)

50,
100,200

60,180

10,30,60

41.3,68.9

350,700

400

𝑒0

0.72,
0.70,0.66

0.66,0.76

0.63,
0.65,0.74

0.7

0.65,0.6

0.65

𝐺 (𝑀𝑃𝑎)

9, 12,14

8

20

30

40,50

180

𝑣

0.3

0.3

0.3

0.3

0.33

0.3

𝜆

0.10

0.105

0.055

0.057

0.05

0.088

𝛤𝑟𝑒𝑓

2.41

2.91

2.9

2.31

2.1

2.9

𝑜
𝜙𝑐𝑠

52

53

45

44

52

42

𝐴ℎ

0.02

0.04

0.006

0.035

0.01

0.014

𝑘𝑝

2.15

2.13

0.09

0.25

2.4

2.8

𝑘𝑑

0.3

0.7

0.9

3.5

0.5

1.2

𝑚

0.25

0.05

0.01

0.001

0.4

0.3

𝑏1

0.33

0.33

0.01

0.01

0.25

0.01

𝑏2

2

1.9

1.5

1.5

1.5

1.5

𝑏3

6.3

6.4

5

5

7

7.5

𝑎

0.2

0.2

0.042

0.042

0.04

0.01

𝑏

1.87

1.87

0.8

0.8

0.8

0.02

𝑐

1.86

1.86

2.0

2.0

2.0

2.0
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Figure 5-5 Model prediction of the (a)stress-strain and (b)volumetric strain response of
ballast under triaxial compression, compared with experimental data from Salim and
Indraratna (2004)
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Figure 5-6 Model Predictions of (a)Stress path in q-p’ plane and (b)evolution of void
ratio in e-lnp’ plane for railway ballast (Data sourced from Salim (2004))

Figure 5-7 Evolution of BBI with deviatoric strain at different confining stresses: model
predictions vs experimental results.
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Figures 5-8(a) & (b), 5-9(a) & (b) and 5-10(a) & (b) show the model predictions for
triaxial compression data on ballast from three independent studies in literature
(Indraratna et al., 2015, Aursudkij et al., 2009, Suiker et al., 2005) for a range of low and
high confining stresses. The material parameters used in the current model were calibrated
independently for each set and are given in Table 5-1. The particle breakage data for the
test data from Suiker et al. (2005) (Figures 5-10(a)&(b)), was not given, so the breakage
parameters for the model predictions were assumed to be the same as Aursudkij et al.
(2009). The stress-strain and volumetric strains predicted by the proposed multi-laminate
framework showed a good agreement with the experimental results. Moreover, Figures
5-8 to 5-10 show that the proposed model can predict the influence of different confining
stresses on the peak deviatoric stress of railway ballast. In typical ballasted railway tracks,
the ballast layer is confined to low lateral stresses (10-60 kPa) and its volumetric strains
show dilatant behaviour at such low confining stresses. The volumetric strain curves in
Figures 5-18 to 5-10 show that the dilatant behaviour of different types of railway ballast
at low confining stresses can be captured using the proposed constitutive model in multilaminate framework.
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Figure 5-8 Model predictions of (a) Stress-strain and (b) Volumetric strain curves for
crushed basalt at 𝜎3′ = 60 & 180 kPa, compared with test data from Indraratna et al.
(2015)
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Figure 5-9 Model predictions of (a) Stress-strain and (b) Volumetric strain curves for
limestone basalt at 𝜎3′ = 10, 30 & 60 kPa, compared with test data from Aursudkij et al.
(2009)
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Figure 5-10 Model predictions of (a) Stress-strain and (b) Volumetric strain curves for
crushed basalt at 𝜎3′ = 41.3 & 68.9 kPa, compared with test data from Suiker et al.
(2005)
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5.3.2. Other coarse granular materials:
In addition to railway ballast, the model was also used to simulate the stress-strain and
volumetric strain response of sandstone rock fill in earth dams which is typically
subjected to high confining stresses in the range of 300-800 kPa (Varadarajan et al.,
2003). The calibrated model parameters for sandstone rockfill are given in Table 5-1.
Two confining stresses (𝜎3′ = 350, 700 kPa) were used for this simulation. The model
predictions for the stress-strain and volumetric strain response of sandstone rockfill are
shown in Figure 5-11(a) & (b) along with the experimental data. Note that the model
predictions are a close match with the experimental data. The volumetric strain curves in
Figure 5-11(b) show the compressive behaviour of these rockfills caused by high
confining stresses. From the model predictions of different types of ballast and rockfill,
the influence of nonlinear critical state of these crushable granular materials on their shear
strength and deformation under triaxial compression (𝑏 = 0 and 𝛼 = 0) was captured
very well by the current constitutive modelling technique in multi-laminate framework.
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Figure 5-11 Model predictions of (a) Stress-strain and (b) Volumetric strain curves for
sandstone rockfill at high confining stresses (350, 700 kPa), compared with test data
from Varadarajan et al. (2003)
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5.4. Model predictions under true-triaxial compression (𝒃 > 𝟎, 𝛂 = 𝟎)
In many practical field situations the intermediate principal stress of the material is not
equal to the minor principal stress (𝑏 > 0). In these loading conditions multi-laminate
framework can be an effective tool to capture the influence of intermediate principal stress
variations on the mechanical response of the material. To simulate such a loading
condition, various stress paths (𝑏 = 0,0.25,0.5,0.75,1) in 3D principal stress space were
considered (See Figure 5-3). The major (𝜎′1) and intermediate principal stress (𝜎′2) are
incremented in each of these paths such that the magnitude of b remains constant. For
simplicity, the minor principal stress is kept constant and the direction of the principal
stress axes is also kept constant during simulation. In multi-laminate framework the
resultant shear and normal stresses on the contact planes are transformed from a modified
stress state with 𝑏.
Drained true triaxial compression test data on granite rockfill (Xiao et al., 2014) with
different magnitudes of b are used to validate the model predictions. The model
parameters are calibrated from the experimental data and are given in Table 5-1. Xiao et
al. (2014) showed that the critical state friction angle (𝜑𝑐𝑠 ) of rock fill varied during true
triaxial compression tests (𝑏 > 0) from that of triaxial compression (𝑏 = 0), as shown in
Figure 5-12. They reported that 𝜑𝑐𝑠 increased initially when b increased from 0-0.5, and
then it decreased slightly at 𝑏 = 1. The variation of 𝜑𝑐𝑠 with 𝑏 can be represented using
Equation 5.7; this was considered for predicting the stress-strain and volumetric response
of granite rock fill for a different b.
𝜑𝑐𝑠
𝜑𝑐𝑠0

= 1.24 exp(−0.14 𝑏) − 0.24 exp(−4.5 𝑏)

(5.7)

Where 𝜑𝑐𝑠0 is the critical state friction angle when 𝑏 = 0.
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Figure 5-12 Variation of critical state friction angle (𝜑𝑐𝑠 ) with b for granite rockfill
(data from Xiao et al. (2014))
Figures 5-13(a) & (b) show the model predictions of stress ratio and volumetric strain
with axial strain when b ranged from 0 to 1 compared with the true triaxial test data with
a constant minor principal stress of 400 kPa. The model predictions show that the
intermediate principle stress has a significant influence on the stress-strain and volumetric
strain behaviour of granular materials. The stress ratio is at its maximum for the case of
triaxial compression (𝑏 = 0) but then it decreased as the value of b increased.
Furthermore, the volumetric strains at critical state showed increased compression when
𝑏 increased from 0 to 1. This predicted behaviour is in good agreement with the test data
reported by Xiao et al. (2014). Figure 5-14(a) shows the model predictions of the slope
of critical state line in 𝑞 − 𝑝′ space for granular rock fill under different stress paths. It
can be seen that the critical state stress ratio (𝑀𝑐𝑠 ) decreased nonlinearly as b increased,
which is in good agreement with the test data from Xiao et al. (2014). Figure 5-14(b)
shows the influence of intermediate principal stress on particle breakage and it can be
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seen that particle breakage increases sharply when 𝑏 = 0 – 0.5, but remains the same for
𝑏 = 0.75 and 1.
The stress-strain and volumetric strain response at different intermediate principal stress
ratios shown in Figures 5-13(a)-(b) shows that the constitutive model in multi-laminate
framework has captured the influence of intermediate principal stress on the behaviour of
granular materials. Further, it is to be noted that the intermediate principal stress has a
similar effect as the confining stress. The mean effective stress increases as 𝑏 increases,
which leads to further compression of the material. This increase in 𝑝’ also leads to an
increase in particle breakage of the material. This behaviour is in agreement with the
expression for particle breakage evolution (given in Equation 4.16) where particle
breakage is directly proportional to the mean effective stress. The influence of
intermediate principal stress also implies that the deviatoric strength of the material
increases as the intermediate principal stress ratio is increased.

117

Chapter 5 Model predictions of the behaviour of granular materials under static loads

Figure 5-13 Model predictions of (a)Stress-strain and (b)volumetric strain curves for
granite rockfill at 𝜎3′ = 400 kPa for different b, compared with test data from Xiao et al.
(2014)
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(a)

(b)

Figure 5-14 Comparison of model prediction with true-triaxial test data on granite
rockfill for (a) critical state friction ratio vs b (b)Particle breakage vs b
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5.5. Model predictions under principal stress rotation (α>0)
As the principal stress axes rotate the changing stress in the material causes a stressinduced anisotropy which reduces the peak deviatoric stength of the material. This stressinduced anisotropy was studied in literature using hollow cylindrical apparatus (HCA)
for various sands (Gutierrez et al., 1991a, Yu et al., 2016, Cai et al., 2012, Xiong et al.,
2016). Gutierrez et al. (1991a) identified a failure surface by conducting tests at various
constant PSR angles and plotting the peak stress state experienced by the material in
2𝜏𝑋𝑍 − (𝜎𝑧 − 𝜎𝑥 ) stress space as shown. They reported that due to stress-induced
anisotropy, the peak shear stress of the material decreased rapidly as 𝛼 increased from 045 degrees. The failure surface took the shape of an ellipse with its radius dependent on
the mobilised friction angle at failure (Gutierrez et al., 1991a). However, these tests were
conducted on fine sands, whereas the experimental investigations carried out on coarse
granular materials such as ballast and rockfills are not available due to the limitations of
hollow cylindrical apparatus (HCA).
The proposed constitutive model was used to simulate the stress-strain and volumetric
strain of granular materials at a constant principal stress rotation angle. The test data on
these fine Toyura and Portaway sands were used to validate the model. The model was
then used to predict the response of railway ballast to predict a failure boundary at
different principal stress rotation angles. 7 stress paths were considered for simulation,
with 𝛼 = 0, 15, 30, 45, 60, 75, 9, as shown in Figure 5-4. The failure stress state is
symmetric about the 𝑥-axis so, the values of 𝛼 are taken in the range of 0-90. Two
independent data from drained HCA tests on Toyura and Portaway sand were considered
for validation. The model parameters are shown in Table 5-2 and the particle breakage
was ignored due to unavailability of breakage data.
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Figure 5-15 shows the model prediction of deviatoric stress (𝑞 = 𝜎1′ − 𝜎3′ ) vs deviatoric
strain ( 𝜖𝑠 = 𝜖1 − 𝜖3 ) of Portaway sand for different 𝛼 . In these simulations, the
intermediate principal stress ratio was varied continuously using the relationship 𝑏 =
sin2 2𝛼. As discussed in the previous section, the critical state friction angle which is
dependent on the value of 𝑏 (Equation 5.7) was considered in the model. The model
predictions show that the peak deviatoric stress of the material decreased when 𝛼 is
increased from 0𝑜 − 45𝑜 and reached a minimum at 𝛼 = 45𝑜 . This implies that the
material behaves differently when shearing occurs at different principal stress rotation
angles and also shows stress-induced anisotropy. Furthermore, when the corresponding
peak stress state in the 2𝜏𝑋𝑍 − (𝜎𝑧 − 𝜎𝑥 ) plane are connected, it forms an ellipse. The
HCA test data on Portaway and Toyura sands was plotted and is represented by a dotted
line, as shown in Figures 5-16(a) & (b) respectively. The experimental data shows that
the failure surface has a skewed shape towards positive 𝑥-axis and the material showed
less shear strength when the major principal stress was inclined in horizontal direction
(Gutierrez et al., 1991a, Cai et al., 2012). It was reported that this behaviour is due to the
initial inherent anisotropy of the soil fabric while specimen was being prepared during
the HCA tests (Cai et al., 2012). In the current modelling approach, since the inherent
anisotropy was not considered, the predicted failure surface is symmetrical about the 𝑦axis. However, since most of the traffic loading consists of a dominant vertical stress
which leads to stress paths in the 1st quadrant of Figure 5-16(a), the failure surface in 2nd
quadrant is irrelevant. Despite this limitation, the model predictions when 𝛼 = 0𝑜 − 45𝑜
showed good agreement with the experimental data.
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Table 5-2 Model parameters for Toyura and Portaway sands
𝑜
𝛤𝑟𝑒𝑓 𝜙𝑐𝑠
𝑒0
𝐺
𝑣
𝜆

𝐴ℎ

𝑘𝑝

𝑘𝑑

𝑚

(Mpa)
Toyura Sand

0.75

10

0.25 0.019 1.934

33

0.01

0.5 0.25 0.25

0.6

45

0.16 0.025 1.796

30

0.001 0.4 0.25

(Gutierrez et al.,
1991a)
Portaway Sand

0.2

(Cai et al.,
2012)

Figure 5-15 Model predictions of stress-strain curves for portaway sand at different
constant principal stress rotation angle 𝛼
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(a
)

(b
)

Figure 5-16 Model prediction of the failure surface in 2𝜏𝑋𝑍 − (𝜎𝑧 − 𝜎𝑥 ) space at
various 𝛼 compared with HCA test data for (a) Portaway sand (Cai et al., 2012) (b)
Toyura sand (Gutierrez et al., 1991a)
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5.6. Numerical estimation of state boundary for railway ballast
Using the proposed constitutive model in multi-laminate framework, the failure boundary
for railway ballast in the principal stress rotation plane can be predicted. The model
parameters for crushed basalt were used for this analysis. The model predictions of the
stress-strain and volumetric strain response of ballast at different 𝛼 are shown in Figures
5-17(a) & (b) respectively. The lateral stress (𝜎𝑦′ ) was limited to 30 kPa and the principal
stress axes were allowed to rotate in the longitudinal (𝑥) plane, as shown in Figure 5-1(b).
The experimental data of stress-strain and volumetric strain for ballast (Sun, 2015) under
triaxial compression (𝛼 = 0, 𝑏 = 0) is plotted for comparison. Figure 5-17(a) shows that
when
1
√2

𝛼>0

,

the

peak

octahedral

shear

stress

(

𝑞=

√(𝜎1 − 𝜎2 )2 + (𝜎2 − 𝜎3 )2 + (𝜎3 − 𝜎1 )2 ) decreased from the triaxial compression

case; this behaviour is similar to Toyura and Portaway sands. In addition, the volumetric
strain response in Figure 5-17(b) shows that when 𝛼 is increased, the volumetric strains
undergo more compression for 𝛼 = 0𝑜 − 30𝑜 and then the material tends to dilate when
𝛼 is further increased to 45𝑜 .
Based on the peak octahedral shear stress at various 𝛼, the state boundary for ballast when
the lateral stress is 30 kPa is shown in Figure 5-18; the dotted lines represent the stress
paths during constant 𝛼 simulations. The experimental data for drained triaxial
compression and direct shear test is plotted for comparison (Indraratna et al., 2012a,
Indraratna et al., 2015). As seen from Figure 5-18, the state boundary becomes elliptical,
similar to Toyura and Portaway sands. Since, inherent anisotropy was not considered in
the present model, the state boundary is symmetrical about the 𝑦-axis. This state boundary
represents the peak strength of the material under static loading conditions, including the
principal stress rotation angle (𝛼) and intermediate principal stress ratio (𝑏). Figure 5-19
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shows the influence of higher lateral confining stress on the state boundary of ballast; the
state boundary expands when the lateral confining stress is increased. This also justifies
the fact that higher confining stress leads to higher strength of the material.

(a)

(b)

Figure 5-17 Prediction results for (a)stress-strain and (b)volumetric strain curves for
ballast at PSR angle, 𝛼 = 0𝑜 , 15𝑜 , 30𝑜 , 42𝑜 (compared with test data for 𝛼 = 0𝑜 from
Sun (2015))

125

Chapter 5 Model predictions of the behaviour of granular materials under static loads

Figure 5-18 Failure surface for railway ballast in 2𝜏𝑋𝑍 − (𝜎𝑧′ − 𝜎𝑥′ ) plane predicted from
the proposed constitutive model

Figure 5-19 Influence of lateral stress in a railway track on failure surface for railway
ballast in 2𝜏𝑋𝑍 − (𝜎𝑧′ − 𝜎𝑥′ )
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5.7. Conclusions
In this chapter the proposed constitutive model in multi-laminate framework was used to
predict the stress-strain and volumetric strain of coarse granular materials such as railway
ballast and rockfills. The behaviour of these materials under triaxial compression, true
triaxial compression, and the presence of principal stress rotation was simulated using the
model; the model predictions are in good agreement with the experimental results. Under
true-triaxial compression, an increase in the magnitude of 𝑏 lead to an increase in the
shear strength of the material and more compressive volumetric strains. Increasing the
value of 𝑏 has the same effect on particle breakage as confining stress, where both cases
lead to an increase in particle breakage.
The model was also used to simulate the behaviour of granular soils when the principal
stress axes were rotated. The model predictions show that a multi-laminate framwork
could capture the reduction in the octahedral shear strength of the material at different
angles of principal stress rotation; they showed a stress-induced anisotropy. A state
boundary was developed for these granular materials based on their peak strength at
different 𝛼. The predictions show good agreement with the hollow cylindrical testing
results for Toyura and Portaway sands, but the model could not capture the inherent
anisotropy of the material when the major principal stress was inclined in a horizontal
direction. Further, it was also observed that the failure surface expanded its shape in shear
stress and deviatoric stress directions when the lateral stress increased.
The failure surface developed from the numerical predictions can be used as a unified
state boundary to predict the failure of these materials under traffic loading stress paths,
with and without principal stress rotation. In real field conditions where the moving
wheels of a train cause the principal stress axes to rotate continuously with 𝛼 varying
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from 0𝑜 − 360𝑜 , they induce a circular or cardioid shaped stress path in the 2𝜏𝑋𝑍 −
(𝜎𝑧 − 𝜎𝑥 ) plane. In Chapter 6, this constitutive model is used to simulate the deformation
and degradation of ballast under different cyclic loading stress paths. The state boundary
developed in this chapter, is compared with the cyclic loading stress paths and its
influence on the permanent deformation of ballast is also presented in Chapter 6.
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Modelling the permanent strain response of railway ballast
under cyclic loading conditions
6.1. Introduction
In this chapter, the constitutive model is used to simulate the permanent strain response
of ballast under cyclic loading conditions. The influence of 3D cyclic loading stress paths,
with and without principal stress rotation, on the long term deformation and degradation
of railway ballast is studied. Under cyclic loading conditions, the modified hardening
rule, particle breakage and dilatancy functions proposed in Chapter 4 are adapted to
determine the accumulation of plastic strain under successive loading and unloading
cycles. The proposed model was calibrated and validated with large-scale cyclic triaxial
compression laboratory data on latite basalt aggregates. The model is then used to
qualitatively analyse the influence of dynamic vertical stress amplification and principal
stress rotation on the permanent strain response.

6.2. Cyclic stress paths in track layers under moving loads
When a moving wheel load is imposed onto a railway track the principal stress subjected
by the soil under the track rotate continuously as the wheel approaches the loading point
and then passes by. This is caused by the development of shear stress in the direction the
train is moving, shown in Figure 6-1 (a). The stress path experienced by the soil under
these conditions is shown in Figure 6-1 (b), where 𝛼 represents the angle of principal
stress rotation, as given in Equation 5.3 and 𝑞𝑐𝑦𝑐 is the cyclic deviatoric stress given in
Equation 6.4. As discussed in Chapter 3, the shape and size of these 3D stress paths in the
track layers depends on train speed; at low train speeds the 3D stress path decreases to a
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quasi-static stress path with no vertical stress and shear stress amplification, whereas at
high train speeds the size and shape of this stress path increases leading to a dynamic
stress path with principal stress rotation.

(a)

(b)

Figure 6-1 (a) Development of shear stresses on an element (b) Typical loading path
under moving load in 2𝜏𝑋𝑍 − (𝜎𝑧′ − 𝜎𝑥′ ) space
To quantify the influence of this 3D stress path, two parameters are used in this study, the
Cyclic Stress Ratio (CSR) and the shear stress ratio (ητ ) given as:

𝐶𝑆𝑅 =

(𝜎𝑧 ′𝑑 −𝜎𝑥 ′𝑑 )

𝑐𝑦𝑐

2𝜎𝑦′

𝜏𝑥𝑧,𝑐𝑦𝑐

ητ = 𝜎

′
𝑧 𝑐𝑦𝑐𝑑

(6.1)

(6.2)

𝜎𝑧 ′𝑑 𝑎𝑛𝑑 𝜎𝑥 ′𝑑 are the dynamic vertical and longitudinal stresses respectively and 𝜎𝑦′ is the
lateral stress typically representing the confining stress of the ballast layer in a railway
track. CSR corresponds to the deviatoric stress amplification in the horizontal axis of
2𝜏𝑋𝑍 − (𝜎𝑧′ − 𝜎𝑥′ ) plot and ητ corresponds to the shear stress amplification in the vertical
axis. ητ = 0 represents a particular loading case of triaxial compression with a fixed
orientation of principal stress axes (𝛼 = 0).
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To simulate the stress paths during triaxial compression (𝛼 = 0, ητ = 0), the deviatoric
stress (𝑞𝑐𝑦𝑐 ) is varied sinusoidal in every cycle with no shear stress given by Equation 6.3
(Lackenby, 2006). To simulate the traffic loading stress paths and the deviatoric stress
(𝑞𝑐𝑦𝑐 ), the shear stress was also varied with time and is given by Equations 6.4 and 6.5
(Cai et al., 2017). The loading curves for triaxial compression and moving load cases are
shown in Figures 6-2(a) and (b).
𝑞𝑐𝑦𝑐 = (𝜎𝑧 ′𝑑 − 𝜎𝑥 ′𝑑 )
𝑞𝑐𝑦𝑐 = (𝜎𝑧 ′𝑑 − 𝜎𝑥 ′𝑑 )

𝑐𝑦𝑐

𝑐𝑦𝑐

= 𝑞𝑚𝑖𝑛 + ∆(𝜎𝑧 ′𝑑 − 𝜎𝑥 ′𝑑 )

1

𝑚𝑎𝑥

{2 sin(𝜔𝑡)}

1
{ cos(2𝜔𝑡) −
𝑚𝑎𝑥 2

= 𝑞𝑚𝑖𝑛 + ∆(𝜎𝑧 ′𝑑 − 𝜎𝑥 ′𝑑 )
1

𝜏𝑥𝑧,𝑐𝑦𝑐 = ∆𝜏𝑥𝑧,𝑚𝑎𝑥 {sin(𝜔𝑡) − 2 sin(2𝜔𝑡)}

cos(𝜔𝑡) + 0.5}

(6.3)

(6.4)

(6.5)

Figure 6-2 (a) Loading curve for triaxial compression case (b) Loading curve under
moving loads
To analyse the behaviour of ballast under these stress paths, various values of CSR and
ητ are given in Table 6-1 and the corresponding 3D stress paths are shown in Figure 63(a) and (b). For each CSR, the value of ητ was increased until the material reached
failure.
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Table 6-1 Different cyclic loading stress paths used for simulations
Confining stress
𝝈𝒛,𝒅 𝒄𝒚𝒄
CSR
(kPa)

𝛈𝛕

30

230

3.83

0–1

30

270

4.5

0–1

30

300

5

0–1

30

340

5.67

0–1

60

230

1.92

0–1

60

270

2.25

0–1

60

300

2.5

0–1

60

340

2.83

0–1

Figure 6-3 Stress paths in 2𝜏𝑋𝑍 − (𝜎𝑧 − 𝜎𝑥 ) space with (a) varying ητ (b) varying CSR
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6.3. Model Prediction for triaxial compression
In this section the proposed constitutive model in the multi-laminate framework was used
to simulate the permanent strain accumulation of railway ballast with the number of
loading cycles (𝑁) under triaxial compression. To simulate triaxial compression, the
stress paths with ητ = 0 and varying CSR were used. Under triaxial compression, the
lateral and longitudinal stresses were considered constant and equal, with the stress path
shown in Figure 6-3(a). The axial stress was varied with different loading amplitudes and
different loading frequencies using Equation 6.3. During each reloading and loading
cycle, the plastic hardening modulus was updated using the hardening rule presented in
Chapter 4 (Equations 4.37 and 4.39).
6.3.1. Influence of confining stress on permanent strain response
The cyclic loading model was used to predict the permanent axial and volumetric strain
response of latite basalt aggregates under different confining pressures, as shown in
Figure 6-4(a) and (b). The model predictions were then compared with the experimental
test results from Lackenby et al. (2007). Four different confining stresses (10, 30, 60, 120
kPa) were used with cyclic loading amplitude of 230 kPa and the frequency was set at 5
Hz for the simulations. The model parameters are shown in Table 6.2. The model
predictions in Figure 6-4 show that the model accurately captured the influence of
confining pressures on the permanent axial strains and permanent volumetric strain
response of the material. During the initial loading cycles (N<1000), the permanent axial
strains increased rapidly at a decreasing rate, but after a certain number of loading cycles,
the strain in each cycle was minimum, reaching a stable state; this can be considered as a
plastic shakedown state (Sun et al., 2015). The proposed model could also capture the
decrease in permanent axial strains at shakedown, when the confining stresses increased.
This is due to the increased peak static deviatoric shear strength of the material as the
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confining stress increased. Also, the increased compression of ballast at higher confining
stresses is also captured well by the model (Figure 6-4(b)). At very low confining stresses
(10 kPa), the model predictions showed compressive volumetric strains at less number of
cycles and after a certain number of loading cycles, the material showed dilation
behaviour, ultimately reaching a stable shakedown condition. This behaviour is in good
agreement with the experimental data as shown in Figure 6-4.
The model prediction of particle breakage with number of loading cycles at different
confining stresses is shown in Figure 6-5. The cumulative particle breakage (CBI) was
computed during each loading cycle and updated for the subsequent cycles as given in
Equation 4.26. It can be seen from Figure 6-5 that the model captures the influence of
confining stress on CBI. It is also observed that, particle breakage is predominant at very
low confining stresses (𝜎3′ =10 kPa), with its magnitude higher than that at higher
confining stresses (𝜎3′ =30, 60, 120 kPa). This high particle breakage at low confining
stress is due to the dilatant volumetric strains, which allows the excessive breakage of
angular corners of the material (Lackenby et al., 2007). In addition, CBI increased when
the confining stresses are increased from 30 to 120 kPa. This increase in CBI is mostly
atributed to the crushing of particles at high compressive forces. The inset figure in Figure
6-5 shows the predicted CBI at the end of the 500000 loading cycles for different
confining stresses, and shows a good agreement with the measured breakage.
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Table 6-2 Model parameters for railway ballast for cyclic loading conditions
Parameter
Lackenby et al. (2007)
Sun et al. (2015)
Indraratna et al. (2010b)
Material

Latite Basalt

Latite basalt

Latite basalt

𝜎3′ = 10,30,60,120 𝑘𝑃𝑎

𝜎3′ = 30 𝑘𝑃𝑎

𝜎3′ = 60 𝑘𝑃𝑎

𝑓 = 5 𝐻𝑧

𝑓 = 5,10,20,30 𝐻𝑧

𝑓 = 10,20,30 𝐻𝑧

𝑮 (MPa)

10

10

10

𝑨𝒉

0.08

0.01

0.08

𝝀

0.10

0.095

0.08

𝝓𝒐𝒄𝐬

56

56

58

𝜞𝒓𝒆𝒇

2.41

2.41

2.41

𝒌𝒑

0.25

0.25

0.25

𝒎

0.2

0.2

0.2

𝒌𝒅

0.35

0.35

0.35

𝑹

10

10

10

𝒚𝑩

5

5

5

𝜶𝒔

15

20

10

𝒅𝒇

0

0.005

0.001

𝒃𝟏

0.36

0.45

0.35

𝒃𝟐

2

2

2

𝒃𝟑

6.4

6.4

6.3

𝒂

0.2

0.2

0.2

𝒃

1.87

1.87

1.87

𝒄

1.86

1.86

1.7

Loading
condition
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Figure 6-4 Model predictions of permanent axial strain and volumetric strain behaviour
of Latite basalt with varying confining stresses compared with experimental data from
Lackenby et al. (2007)
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Figure 6-5 Model predictions of particle breakahe with number of loading cycles at
various confining stresses, compared with experimental data from Lackenby et al.
(2007)
6.3.2. Influence of loading frequency on permanent strain response
During cyclic loading the loading frequency can be considered to be an equivalent to the
train speeds on railway tracks. Sun et al. (2015) observed from laboratory testing that the
dynamic deviatoric stress experienced by the material depends on the loading frequency.
The dynamic deviatoric stress shown in Figure 6-6 increased exponentially with the
loading frequency; this behaviour is similar to the dynamic amplification of stress in
shallow layers of railway track as the train speed reaches the critical speed of the track.
Hence, to incorporate the influence of loading frequency on the material these dynamic
deviatoric stresses were used as input loading in the constitutive model.
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Figure 6-6 Measured dynamic deviatoric stress at different loading frequencies during
drained cyclic triaxial testing on latite ballast (Sun et al., 2015)
Figure 6-7 shows the comparison of model predictions of permanent axial and volumetric
strains with the drained cyclic triaxial compression data from Sun et al. (2015) for a range
of loading frequencies. The confining stress was considered same (30 kPa) for all loading
frequencies and the material parameters are shown in Table 6.2. The model predictions
show that the current modelling technique captures the influence of loading frequency,
quite closely with the experimental data. The permanent axial strains at shakedown state,
increased with increase in the loading frequency. In addition, the volumetric strains
increased in the compression zone as the frequency is increased from 10 Hz to 30 Hz.
Moreover, the influence of dynamic stresses on the deformation response is captured
accurately using the proposed model.
The model was also validated with an independent set of drained cyclic triaxial
compression test data on the ballast (Indraratna et al., 2010b) for a slightly higher
confining pressure of 60 kPa (Figure 6-8). The model predicts increasing permanent axial
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strains with increasing loading frequency as observed from the experimental data. Also,
the permanent volumetric strains show good agreement with the test data.
Figures 6-9 and 6-10 show the model predictions of particle breakage at different loading
frequencies and the model prediction of cumulative breakage after 500000 cycles is
compared with the experimental results from Sun et al. (2015) and Indraratna et al.
(2010b) (See inset figures). The model captures the increase in particle breakage with the
loading frequency and particle breakage follows a similar pattern with loading frequency
as dynamic deviatoric stresses. It can be seen that particle breakage during cyclic loading
is dependent on the amplification of stresses in the ballast layer, which increases with
train speeds or loading frequencies. In other words, passage of trains at higher speeds can
cause rapid degradation of the material and often lead to frequent maintenance than
expected.
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Figure 6-7 Model predictions of axial strain and volumetric strain behaviour of Latite
basalt at various loading frequencies compared with experimental data from Sun et al.
(2015)
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Figure 6-8 Model predictions of axial strain and volumetric strain behaviour of Latite
basalt at various loading frequencies compared with experimental data from Indraratna
et al. (2010b)
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Figure 6-9 Model predictions of particle breakage with number of loading cycles under
triaxial compression at 𝜎3′ = 30 𝑘𝑃𝑎

Figure 6-10 Model predictions of particle breakage with number of loading cycles under
triaxial compression at 𝜎3′ = 60 𝑘𝑃𝑎
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6.3.3. Influence of particle breakage on permanent strain response
The influence of particle breakage on the evolution of permanent strains during cyclec
loading is investigated in this section. For 𝑞 = 230 𝑘𝑃𝑎 and 𝜎3′ =30 kPa, the model
predictions, with and without particle breakage are shown in Figure 6-11. Under cyclic
loading conditions the inclusion of particle breakage in the model leads to higher
volumetric strains in the compression zone. The lateral strains also reduced with the
increase in particle breakage, indicating more compression. Furthermore, when particle
breakage is included, the axial strains of the material at a particular loading cycle
increases and this is due to the reduced static shear strength of the material due to particle
breakage

Figure 6-11 Influence of particle breakage on the evolution of (a) axial, (b) volumetric
and (c) lateral strains with number of loading cycles
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6.4. Behaviour of ballast under traffic loading with principal stress
rotation
In this section, the proposed constitutive model is used to predict the permanent
deformation and degradation behaviour of ballast under stress paths involving principal
stress rotation. The stress paths were varied with different CSR and ητ as given in Table
6.1. The lateral confining stress was considered constant (𝜎𝑦′ =30 kPa) for all the stress
paths.
6.4.1. Permanent axial strains
The permanent strain response of railway ballast with number of loading cycles under
various cyclic stress paths are shown in Figure 6-12(a)-(d). For each CSR, the simulations
were carried out with ητ increasing from 0 to 1. Figure 6-12(a) shows that at a low CSR
of 3.83 and ητ = 0, the loading case is similar to the triaxial compression condition,
where there is no dynamic stress amplification and rotation of principal stress axes. For
ητ = 0, the permanent axial strains increased with 𝑁 until the material reached plastic
shakedown state. As ητ increases, the magnitude of permanent axial strain at shakedown
state increases gradually for ητ = 0 − 0.3 and rapidly after ητ = 0.4. However, the value
of 𝑁 at which the material reaches shakedown state did not changed with ητ . For values
of ητ > 0.4 , the permanent axial strains increase rapidly and do not tend to reach
shakedown state even after a strain of 25%. In this study, if the permanent axial strains
did not reach a shakedown even after 25% of axial strains, the material is considered to
reach failure. This implies that even though the deviatoric stress of the material remains
constant, the shear stress ratio (ητ ) and principal stress axes rotation induced due to
moving loads have an aggravated effect on the permanent strains of ballast.
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Figure 6-12(b)–(d) shows the permanent axial strain response for higher CSR values.
When CSR is increased, the permanent strains increased for the same magnitude of ητ
and the material reached failure (𝜖𝑎 >25%) at a lower ητ than that of CSR = 3.83. For
CSR = 4.5, the failure was found to occur at ητ > 0.4, for CSR = 5 at ητ > 0.3 and for
CSR = 5.67 at ητ > 0.15. This shows that the material reaches failure rapidly (at low ητ )
for higher vertical stress magnitudes than that for lower vertical stresses. Figure 6-13
shows the magnitude of ητ at failure for different CSR values, which indicates the
reduction of ητ with increasing CSR.

Figure 6-12 Permanent axial strain response of ballast for different ητ at (a) CSR=3.83
(b) CSR = 4.5 (c) CSR = 5 (d) CSR = 5.67
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Figure 6-13 Variation of ητ at failure with CSR
6.4.2. Volumetric strains
Figure 6-14 shows the influence ητ on the volumetric strain response of ballast. As seen
from Figure 6-14(a), while CSR is kept constant, increasing ητ caused the material to
undergo increased compression that ητ = 0 until ητ = 0.2 , with the permanent
volumetric strains at shakedown state increasing. When ητ increased further, the
permanent volumetric strains started to move towards dilative zone and at high shear
stress ratio (ητ = 0.5), the volumetric strains of the material completely became dilative,
indicating failure. This shows that principal stress rotation, with constant CSR may not
only change the magnitude of volumetric strains, but also their direction (dilative or
compressive). Gu et al. (2018) reported similar behaviour where, increasing the size of
the traffic loading stress path (increasing ητ ) lead to volumetric strains transforming from
compressive to dilative.
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Figure 6-14 Volumetric strain response of ballast for different ητ at (a) CSR = 3.83
(b) CSR = 4.5 (c) CSR = 5 (d) CSR = 5.67
Figure 6-14(b) – (d) show the influence of varying CSR values on the volumetric strain
response. When the deviatoric stress of the material (CSR) is increased, the permanent
volumetric strains at shakedown for a particular value of ητ reduced in the compression
zone. The magnitude of ητ at which the volumetric strains change their direction from
compression to dilation can be considered as the phase transformation point (ητ,ph ) under
cyclic loading. The phase transformation point (ητ,ph) reduces with increasing magnitude
of axial stresses (CSR) as shown in Figure 6-15. Accordingly, a phase transformation line
in the ητ,ph − 𝐶𝑆𝑅 − 𝜖𝑣 plane can be drawn by connecting all the phase transformation
points (Figure 6-15). This also shows that at higher CSR values, the volumetric strains
reach dilation zone much faster than that of low CSR.
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Figure 6-15 Volumetric strain response of ballast at shakedown state for varying CSR
and ητ
Further, the influence of CSR and ητ on the lateral strain response of material is shown
in Figure 6-16(a) – (d). As seen from the Figure 6-16(a), increasing ητ with constant CSR
led to an increasing magnitude of lateral strains in the dilative zone, and at higher values
of CSR, the influence of traffic loading stress path amplified, causing more dilation and
expediting failure. It is very important to note that even though the vertical stress and
lateral confining stress of the material remain constant constant, varying the orientation
of principal stress axes during cyclic loading will have a detrimental effect on the
volumetric and lateral strain response of ballast.
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Figure 6-16 Lateral strain response of ballast for different ητ at (a) CSR = 3.83 (b) CSR
= 4.5 (c) CSR = 5 (d) CSR = 5.67
6.4.3. Particle breakage
Figure 6-17(a) – (d) shows the influence of cyclic principal stress rotation stress paths on
the particle breakage (CBI) of ballast. The influence of principal stress rotation on CBI
of the material was implicitly considered using the updated local shear strains based on
the multi-laminate framework. The model predictions of particle breakage (CBI) showed
a similar behaviour as the permanent axial strains of the material. At a constant deviatoric
stress level (CSR), CBI increased with the magnitude of ητ at an increasing rate. Further,
increase in CSR for ητ = 0 caused the particle breakage to increase and at higher CSR,
the rate of increase in particle breakage with ητ increases.
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Figure 6-17 Cumulative Breakage Index (CBI) of ballast for different ητ at
(a)CSR=3.83 (b) CSR = 4.5 (c) CSR = 5 (d) CSR = 5.67
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6.4.4. Comparison with static state boundary of ballast
The cyclic loading stress paths with principal stress rotation are compared with the static
state boundary for railway ballast derived in Chapter 5. The state boundary in 2𝜏𝑥𝑧 −
(𝜎𝑧′ − 𝜎𝑥′ ) stress space for railway ballast at 30 kPa lateral confining stress is shown in
Figure 6-18 with the various cyclic stress paths at CSR = 3.83 superimposed. It can be
observed that the cyclic stress paths with ητ : 0 − 0.3 lie within the static state boundary
so, the permanent strain response of the material under these stress paths is relatively
stable and reached shakedown after a certain number of loading cycles, as seen in Figures
6-13 & 6-16. Also, as the cyclic stress path approaches the static state boundary, the rate
of permanent axial and volumetric strain with 𝑁 increases rapidly. For the cyclic stress
path of ητ = 0.5 where, the stress points in 2𝜏𝑥𝑧 − (𝜎𝑧′ − 𝜎𝑥′ ) cross the static state
boundary during each loading cycle, a significant rise in the permanent axial strains with
𝑁 is observed, which did not reach a shakedown state. Moreover, the material showed
dilatant behaviour when the cyclic stress paths cross the state boundary and ultimately
reach failure.
Further, the cyclic loading stress paths at failure for various CSR values are plotted along
with the static state boundary in Figure 6-19. It can be seen that the cyclic stress paths for
failure cases, consistently crossed the static boundary. The stress points at which the state
boundary is crossed move towards the deviatoric stress axis for increasing CSR values.
This can be due to the increased influence of CSR on the material. For CSR of 5.67, these
stress points are very close to the deviatoric stress axis, which indicates that the influence
of deviatoric stress is higher and the material could also have failed without principal
stress axes rotation ητ = 0.
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Figure 6-18 Comparison of static state boundary with cyclic stress paths with principal
stress rotation at constant CSR

Figure 6-19 Comparison of static state boundary with failure cyclic stress paths with
principal stress rotation
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6.5. Stability analysis of ballast under moving loads
From the model predictions of the permanent axial and volumetric strains of a material
subjected to cyclic loading stress paths, it can be understood that cyclic principal stress
rotation has significant impact on the long term deformation and degradation of ballast.
In a railway track, under these traffic loading stress paths, the working conditions of the
track is severely affected by the exacerbated settlement and particle breakage. It is clearly
seen that design life and stability of the track granular materials should also consider the
influence of principal stress rotation due to moving trains.
In most laboratory conditions, the failure state is considered to determine the stability of
the material, but in many countries, including Australia, the stability of a railway track is
based on its workability, for which the maximum allowable track settlements over a
period of time are considered. In this section, the stability of the ballast layer in terms of
permanent axial strains under cyclic loading stress paths is analyzed and compared with
the allowable settlements of the track.
6.5.1. Shakedown behaviour of axial strains
The shakedown behaviour can be analysed by plotting the rate of permanent axial strain
𝑑𝜖

increment ( 𝑑𝑁𝑎 ) in each cycle with the cumulative permanent axial strains (𝜖𝑎 ) at the end
of loading cycles (Werkmeister et al., 2001). Figure 6-20 shows the influence of
deviatoric stress (CSR) on the shakedown response of ballast at ητ = 0. At CSR = 3.83,
the curve shows that

𝑑𝜖𝑎
𝑑𝑁

reduces with increasing 𝜖𝑎 and the curve becomes a near vertical

line, showing shakedown. When the value of CSR is increased, the permanent axial
strains at shakedown (𝜖𝑎,𝑠ℎ ) increased, which indicates that increasing CSR reduces the
stability of the material.
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Figure 6-20 Influence of CSR on shakedown behaviour of ballast
Figure 6-21 shows the influence of confining stress on the shakedown behaviour of ballast
at a constant CSR and ητ = 0. At low confining stresses, the shakedown state is reached
at a higher 𝜖𝑎 , which indicates that the material undergoes large deformations before
reaching the stable shakedown state.

Figure 6-21 Influence of confining stress on shakedown behaviour of ballast
Figure 6-22 shows the influence of loading frequency on the shakedown behaviour of
ballast during cyclic loading. As the loading frequency increases, 𝜖𝑎,𝑠ℎ increases and the
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shakedown curve shifts right on the plot. For very high frequencies, the curve becomes
parallel to the x- axis, showing that the axial strains are increasing rapidly with the number
of loading cycles and do not reach a shakedown state.

Figure 6-22 Influence of loading frequency on shakedown behaviour of ballast
Figure 6-25(a) and (b) shows the influence of traffic loading stress paths with different
magnitudes of CSR and ητ on the shakedown behaviour of permanent axial strains of the
material. As seen from Figure 6-24(a), for CSR=3.83, increasing the value of ητ causes
the shakedown behaviour to reach at higher 𝜖𝑎 and at ητ = 0.5, the material does not
reach a shakedown behaviour till 25% permanent axial strains. In other words, the
introduction of shear stress ratio (ητ ) and principal stress axes rotation delays the onset
of plastic shakedown and thus reducing the stability of the material.
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Figure 6-23 Influence of stress paths including principal stress rotation on the
shakedown behaviour of ballast
6.5.2. Stability surface
Based on the combined influence of CSR and ητ on the variation of axial strains at
shakedown, a 3D stability surface can be developed as shown in Figure 6-24. The
permanent axial strains at shakedown (𝜖𝑎,𝑠ℎ ) are plotted on z axis against the CSR and ητ
on x and y-axes respectively. The individual influence of ητ and CSR are plotted in Figure
6-25(a) and (b) respectively. It is observed that at lower CSR values, the material reaches
failure (𝜖𝑎,𝑠ℎ >25%) at a higher value of ητ , but with an increasing CSR, the shakedown
surface contracts and failure is reached much faster than at lower CSR values. Also, the
shakedown strains for ητ = 0 in Figure 6-24 correspond to the amplification of axial
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strain with deviatoric stress without principal stress rotation. The corresponding
laboratory test data on latite basalt aggregates from Sun et al. (2015) is plotted and show
a good agreement with the model predictions.

Figure 6-24 Prediction of 3D stability surface under traffic loading including the
influence of principal stress rotation

Figure 6-25 (a) Influence of ητ on shakedown axial strains for different CSR values (b)
Influence of CSR on shakedown axial strains for different ητ values
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Figure 6-26 shows the comparison of the shakedown surface at a lateral confining stress
of 30 kPa with that of 60 kPa. As discussed previously in section 6.5.1, higher confining
stresses increases the stability of the material and thus, the shakedown surface expanded
as the confining stress increased. Moreover, the surface shifts down on the strain axes,
which indicates a lower level of strain at shakedown. At a constant deviatoric stress, the
rate of increase in shakedown strain with ητ decreases at 60 kPa, allowing the material to
withstand a higher level of shear stress ratio (ητ ) than at 30 kPa. The influence of ητ on
the shakedown strains at 30 and 60 kPa is shown in Figure 6-27, it also shows the
influence of high confining stresses in increasing the stability of ballast.

Figure 6-26 Influence of different confining stress in the stability surface of ballast

158

Chapter 6 Modelling the permanent strain response of railway ballast under cyclic loading conditions

Figure 6-27 Variation of shakedown strains with ητ at different magnitude of deviatoric
stress
Using the 3D stability surface means that the allowable maximum CSR and ητ values can
be determined if the maximum allowable settlements of a railway track and the confining
stress of ballast layer are known. For example, if the allowable vertical settlement of a
railway track over a period of 10 years is assumed to be 30 and 60mm, it corresponds to
a permanent axial strain of 10% and 20% respectively (with 300mm thick ballast layer).
Drawing planes parallel to the 𝑥 and 𝑦 axis with the equation, 𝜖𝑎,𝑠ℎ = 10, 20% would
intersect the stability surface as shown in Figure 6-28. The corresponding coordinates on
the intersection plane are considered to be the maximum allowable deviatoric cyclic stress
ratio (CSR) and shear stress ratio (ητ ) for optimum performance of the material over its
lifetime.
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Figure 6-28 Visualization of stability surface along with the long-term permanent axial
strain limits

6.6. Conclusions
This chapter presented the model predictions of the behaviour of ballast under traffic
loading conditions with and without principal stress rotation. The cyclic loading model
was validated with the cyclic triaxial compression laboratory test data (ητ = 0, 𝛼 = 0)
from the literature. Under these conditions the model predictions of permanent axial strain
and volumetric strain were compared with the experimental data and showed a good
agreement, and the adaptation of CBI into the constitutive model predicted the breakage
of ballast with number of loading cycles quite accurately. The ability of the model to
capture the influence of various confining stresses, deviatoric stresses, and loading
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frequency on the permanent strain response was reported, and the influence of stress paths
under moving loads on the permanent strain of ballast was analysed.
It was found that the shear stress ratio (ητ ) that developed due to moving loads and the
consequent rotation of principal stress axes exacerbated the deformation and degradation
response. Also, the peak cyclic stress ratio (CSR) that the material can undergo also
decreased with an increasingητ . The failure of cyclic stress paths under moving loads
were compared with the static state boundary and showed that at failure, the stress paths
had crossed or touched the static state boundary. Based on the model predictions, a
stability surface that can visualise the permanent axial strains at a shakedown state for
different values of CSR and ητ was proposed. The influence of increasing confining stress
on the stability surface was also reported. Furthermore, the practical implication of using
the stability surface to estimate the critical CSR and ητ values and determine the optimum
performance of the material was also reported.
In Chapter 7, the proposed constitutive model in a multi-laminate framework will be
applied to the case study of a railway track, where the influence of various train speeds
on the degradation and deformation response of ballast layer is predicted.
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the track
7.1. Introduction
In Chapter 6, the influence of CSR and ητ on the permanent axial, lateral and volumetric
strain response of ballast was studied. In this chapter, a strain based approach for
determining the critical speed of the railway track is presented. The analytical method
presented in Chapter 3, for determining the dynamic stress in track layers is combined
with the constitutive model using multi-laminate framework and then used to simulate
the settlement of a railway track at Singleton, NSW, Australia. The dynamic stresses at
different train speeds on this Singleton track were predicted using an analytical approach
and the resonating speed (𝑉𝑟 ) of the track is estimated. Also, stress paths at different
depths of ballast layer, induced by trains moving at different speeds are predicted. The
constitutive model in multi-laminate framework is then used to simulate the permanent
strain response under these stress paths, and the critical speed (𝑉𝑐𝑟 ) of the track was
determined in respect to the long term performance of the ballast layer. This critical speed
of the track is then compared with the resonating speed. The methodology is shown in the
flow chart in Figure 7-1.
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Figure 7-1 Flow chart of determining the critical train speed using coupled dynamic
multilaminate constitutive model
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7.2. Dynamic stress response of Singleton railway track
The analytical method was used to predict the response of a railway track near Singleton,
Australia. A schematic view of the track layers is shown in Figure 7-2 (Nimbalkar and
Indraratna, 2016). The properties of these track layers and the stiffness and damping of
the rail pads are shown in Table 7.1. Two axle loads were used for this prediction, 25 T
to represent passenger trains and 30T to represent heavy haul trains. At this site the track
lies on an embankment comprising ballast, subballast and structural fill. The embankment
is underlain by a soft alluvial clay deposit. Since the analytical model only considers two
subgrade layers, the equivalent stiffness of all the layers above the weak subgrade layer
was computed and considered as the stiffness of layer-1. From the elastic parameters
given in Table 7-1, the equivalent elastic modulus for the top layer as defined in Equation
3.44 gives

𝐸𝑒𝑞 =

300 𝑚𝑚+150 𝑚𝑚+400 𝑚𝑚
300 𝑚𝑚 150 𝑚𝑚 400 𝑚𝑚
+
+
100 𝑀𝑃𝑎 115 𝑀𝑃𝑎 45 𝑀𝑃𝑎

= 63 𝑀𝑃𝑎

𝐻𝑒𝑞 = 𝐻𝑏 + 𝐻𝑠𝑏 + 𝐻𝑠𝑓 = 850 𝑚𝑚

Figure 7-2 Layer description of track subgrade in Singleton, NSW at Section A
(modified after Nimbalkar and Indraratna (2016))
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Table 7-1 Elastic material properties of different layers of railway track in Singleton,
NSW (Nimbalkar and Indraratna, 2016)
Location

Section A, 1-4

Rails and Rail-pads

M=60 kg/m, K=60 MN/m
Damping ratio=10%

Sleepers

2500 x 260 x 230 (mm)

Ballast
Sub-ballast
Structural fill
Subgrade (Semi-infinite)
Alluvial clay

Thickness = 300 mm, E = 100 MPa
Poisson’s ratio = 0.3, Density = 1530 kg/m3
Thickness = 150 mm, E = 115 MPa
Poisson’s ratio = 0.3, Density = 1530 kg/m3
Thickness = 400 mm, E = 45 MPa
Poisson’s ratio = 0.3, Density = 1530 kg/m3
E = 30 Mpa, Poisson’s ratio = 0.4
Density = 1800 kg/m3

The dynamic stress and instantaneous displacement response of the track at various train
speeds is predicted and compared with the field measurements from Nimbalkar and
Indraratna (2016).Figure 7-3 (a) shows the prediction of the dynamic vertical stress at the
sleeper-ballast interface at different train speeds. As the train speed (V) increases to 150
kmph, the increase in dynamic stresses is low indicating a quasi-static condition.
However, as the train speed crosses 150 kmph, the magnitude of vertical stress increases
rapidly. Figure 7-3(b) shows the comparison of the predictions with the field
measurements and show a good agreement for V = 30 – 80 kmph. Further, for this
particular track conditions, the model predictions show a maximum response at V = 280
kmph and this train speed is considered as the resonating speed of the track. Based on the
dynamic response, the train speeds can be categorised into three zones for this track, (i)
𝑉 < 100 𝑘𝑚𝑝ℎ as quasi-static train speed, (ii) 100 𝑘𝑚𝑝ℎ < 𝑉 < 250 𝑘𝑚𝑝ℎ as subresonating train speed, (iii) 250 𝑘𝑚𝑝ℎ < 𝑉 < 300 𝑘𝑚𝑝ℎ as resonating train speeds and
(iv) 𝑉 > 300 𝑘𝑚𝑝ℎ as super-resonating train speeds.
Figure 7-4 shows the predictions of instantaneous vertical movements of the sleeper at
different train speeds. The dynamic amplification of displacements is similar to the
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dynamic vertical stresses amplification. Moreover, increasing axle load from 25T to 30T
led to increase in the magnitude of vertical stress and displacements, but the resonating
train speed is not affected.

Figure 7-3 Prediction of dynamic vertical stress at sleeper-ballast interface at different
train speeds

Figure 7-4 Prediction of instantaneous sleeper vertical displacements at different train
speeds
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7.2.1. Dynamic amplification factor (DAF)
The dynamic amplification factor (DAF) of vertical stress at the sleeper-ballast interface
was determined by taking the ratio of dynamic vertical stress at different train speeds to
vertical stress at quasi-static train speeds given as

DAF =

′
𝜎𝑧𝑑

𝜎𝑧′

(7.1)

The variation of DAF with train speeds for 25 and 30T axle load trains is shown in Figure
7-5. It can be observed that the current analytical method predicts DAF in close agreement
with the field data. Also, DAF predictions from current method increase until the train
speed reaches resonating speed of the track and then decreases with increasing train
speed. Further, DAF for 25 and 30 T axle loads remains almost the same. The dynamic
amplification factors proposed by previous researchers using empirical relations (Li and
Selig, 1998, Esveld, 2001, Sun et al., 2015, Nimbalkar and Indraratna, 2016) are plotted
for comparison. Although these empirical methods show an increase in DAF with train
speed, they cannot predict the DAF variation in the sub-resonating and super-resonating
train speed region. However, the current analytical method is able to predict the response
of the track for train speeds in the sub-resonating, resonating and super-resonating train
speed zones.
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Figure 7-5 Prediction of the influence of train speed on Dynamic Amplification Factor
(DAF) compared with other empirical methods
7.2.2. Influence of train speeds on principal stress rotation
In a railway track, the Rayleigh waves travelling in the ballast layer not only affect the
vertical stresses, but also generate shear stress and longitudinal stress in the direction of
the movement of train, often leading to rotation of the principal stress axes (Varandas et
al., 2016). Figure 7-6 shows the variation of vertical (𝜎𝑧′ ), shear (𝜏𝑥𝑧 ) and longitudinal
(𝜎𝑥′ ) stresses with train speed in the middle of ballast layer. In addition to vertical stresses,
increasing train speeds also led to amplification of shear and longitudinal stresses in the
track (Figure 7-6). However, at the first resonating train speed (𝑉𝑟1 ), the amplification of
shear stresses and longitudinal stresses with train speed are different from that of the
vertical stresses. This is due to the presence of the rail-sleeper superstructure system in
the vertical direction of the track, which contributes to the dynamic amplification to only
vertical response at 𝑉𝑟1 . At second resonating speed (𝑉𝑟2 ) as shown in Figure 7-6,
dynamic amplification is observed in all three stresses.
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Figure 7-6 Variation of vertical (𝜎′𝑧 ), longitudinal (𝜎′𝑥 ) and shear stresses (𝜏𝑥𝑧 ) in
ballast layer with train speeds
Combining the influence of train speed on the dynamic vertical, longitudinal and shear
stresses, the 3D stress paths induced at the midpoint of the ballast layer are plotted in
Figure 7-7. As seen from Figure 7-7, the induced stress paths shows a cardioid shaped
curve representing the rotation of principal stress axes in the longitudinal direction of the
track (𝑥 − 𝑧 plane). The horizontal axis of Figure 7-7 represents the dynamic deviatoric
stress (𝜎′𝑧 − 𝜎′𝑥 ) and the vertical axis shows the shear stress, 𝜏𝑥𝑧 . It can be observed that
increasing train speeds lead to expansion of the cardioid stress path, thus indicating the
amplification of deviatoric and shear stresses. At resonating train speed (𝑉 = 280 𝑘𝑚𝑝ℎ)
the stress path also reaches its maximum volume, and the cardioid contracts as the train
speeds are further increased. The variations in the cardioid shaped stress path with
different axle loads can also be seen, and as expected, higher axle loads led to greater
deviatoric and shear stresses.
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Figure 7-7 Influence of train speed on the variation of stress path in 2𝜏𝑥𝑧 − (𝜎′𝑧 − 𝜎′𝑥 )
space for 25 T and 30T axle loads

Figure 7-8 Prediction of the variation of stress path at different depths of ballast layer
for 25 T axle load at V = 200 kmph

170

Chapter 7 Strain based approach for determination of critical speed of the track

Figure 7-9 Variation of (a) vertical stress and (b) shear stress at different depths of
ballast layer with train speeds
Figure 7-8 shows the variation of the dynamic 3D stress path at different depths (𝐷) of
the ballast layer at V= 200 kmph. Also, Figures 7-9 (a) and (b) shows the variation of
vertical (𝜎𝑧′ ) and shear stress (𝜏𝑥𝑧 ) at different depths of ballast layer with train speeds.
As observed from the Figures 7-9(a) and (b), 𝐷 = 0 represents the surface of the ballast
layer, which is a free boundary and thus, the shear stress (𝜏𝑥𝑧 ) is zero with the amplified
deviatoric stress (𝜎𝑧 − 𝜎𝑥 ). As 𝐷 increases, the shear stress increases in magnitude while
the vertical stress reduces with depth. As a result, the cardioid shaped stress path contracts
in the horizontal axis and expands in the vertical axis as seen in Figure 7-8. It is important
to note that, although the vertical stress reduces with increasing depth, the increasing
shear stresses may also have detrimental effects on the long-term settlements and
degradation of the ballast layer.

171

Chapter 7 Strain based approach for determination of critical speed of the track

7.3. Permanent strain response of ballast layer at different train speeds
Based on the computed resonating speed of a track of 280 kmph, the stress paths in the
middle of the ballast at six different train speeds (V = 50, 80, 100, 125, 150, 175, 200
kmph) are shown in Figure 7-10. The train speeds vary from a quasi-static train speed
zone (V = 50, 100 kmph) to the near-critical train speed zone (V = 200 kmph). The worst
case was considered and the maximum axle load (30 Ton) on the track during operation
was used to compute the stresses. The typical in-situ confining stress (𝜎𝑦′ ) of ballast in
Australian railway tracks is between 5-40 kPa (Alva-Hurtado and Selig, 1981). In this
study a confining stress of 30 kPa was used. The multi-laminate constitutive model was
used to investigate the influence of these stress paths on the permanent strain response of
the ballast layer.

Figure 7-10 Stress paths in 2𝜏𝑋𝑍 − (𝜎𝑧′ − 𝜎𝑥′ ) at middle of ballast layer at different train
speeds for Singleton railway track
Figure 7-11 shows the model predictions of vertical axial strains in the ballast layer with
the number of loading cycles for stress paths at different train speeds. As with the dynamic
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stresses, the permanent axial strains at the middle of the ballast layer increased as the train
speeds increased. In the quasi-static speed region ( 𝑉 < 100 𝑘𝑚𝑝ℎ ), the dynamic
amplification of strains is minimum, but as the train speed increased the dynamic
amplification of strain increased rapidly, and the rate of permanent strains with loading
cycles also increased as the train speed increased. At train speeds of 175 and 200 kmph
the model predictions show that the permanent axial strains do not reach a stable
shakedown state, until the strains became very large (25%). Moreover, at 𝑉 =
200 𝑘𝑚𝑝ℎ, the permanent strains are higher than at 175 kmph. It is also observed that the
ballast layer exhibits very large strains at train speeds not even reaching the resonating
speed zone (𝑉 > 250 𝑘𝑚𝑝ℎ).

Figure 7-11 Permanent axial strain response of ballast with N at different train speeds
Figure 7-12 shows the permanent volumetric strains in the ballast layer at different train
speeds. It can be observed that the volumetric strains increase slightly in compression in
the quasi-static speed zone, but as the train speed is increased, the volumetric strains
changed from compression to dilation, ultimately reaching dilation for 𝑉 =
175 & 200 𝑘𝑚𝑝ℎ.
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Figure 7-12 Permanent volumetric strains of ballast with N at different train speeds
The shakedown behaviour of railway ballast at Singleton is shown in Figure 7-14. From
the model predictions, three different zones can be distinguished in terms of long-term
performance of ballast layer, stable shakedown state for train speeds of 𝑉 < 100 𝑘𝑚𝑝ℎ,
ratcheting state for 100 < 𝑉 < 150𝑘𝑚𝑝ℎ and plastic collapse for 𝑉 > 175 𝑘𝑚𝑝ℎ.

Figure 7-13 Shakedown behaviour of ballast at Singleton railway track for different
train speeds
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7.4. Performance based approach for estimating critical speed
Based on the permanent strain response of the ballast layer at different train speeds, the
permanent vertical, lateral and volumetric strains at shakedown state are plotted in Figure
7-14. For the train speeds of 175 and 200 kmph, the strain level at which the material
reaches failure is plotted. The permanent vertical and lateral strains show an exponential
increase with train speeds in the compression and dilation zones, respectively. And the
volumetric strains approach the dilation zone as the train speeds are increased.

Figure 7-14 Dynamic amplification of vertical, lateral and volumetric strains of ballast
at 𝜎𝑦′ = 30 𝑘𝑃𝑎 with train speeds
In railway tracks, the lateral spreading of ballast particles can reduce the horizontal
residual stresses that confine the layer and reduce track stability (Selig and Waters, 1994).
In other words, it is important to maintain the volumetric strains in the ballast layer in the
compression zone. Hence, in this study, the lowest train speed at which the material
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reaches the dilation zone is considered as the critical train speed (𝑉𝑐𝑟 ). At this state, the
material not only experiences dilative volumetric strains, but it also experiences high
vertical strains and reaches plastic collapse state. Accordingly, the critical train speed for
this track section can be computed from Figure 7-14 as 𝑉𝑐𝑟 = 175 kmph. Comparing 𝑉𝑐𝑟
with the resonating train speed of 𝑉𝑟 = 280 𝑘𝑚𝑝ℎ, which is computed based on stress
amplification, the critical train speed computed from the long-term stability of ballast
layer, 𝑉𝑐𝑟 is very low. This indicates that although the track has not reached resonance
state, the dynamic stresses in the ballast layer are severe enough to cause excess vertical
and lateral settlements in the ballast layer. From a design perspective, without accounting
the permanent deformation and degradation of ballast, the critical train speed of the track
can be overestimated.

Figure 7-15 Dynamic amplification of strains of ballast at 𝜎𝑦′ = 30 𝑎𝑛𝑑 60 𝑘𝑃𝑎 with
train speeds
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Further, static and cyclic laboratory testing of railway ballast at high confining stresses
show that ballast is stiffer and able to support larger loads before failure (Bishop, 1966,
Charles and Watts, 1980, Indraratna et al., 1998). Therefore, the permanent strain
response of ballast layer under train induced loads is investigated at high lateral confining
stress (𝜎𝑦′ ) of 60 kPa and compared with that of 30 kPa as shown in Figure 7-15. The
dynamic amplification of permanent vertical and lateral strains at 𝜎𝑦′ = 60 kPa is lower
and more gradual that that of 𝜎𝑦′ = 30 kPa. Also, the volumetric strains remain in the
compression zone till a higher train speed at higher confining stresses. For 𝜎𝑦′ = 60 kPa,
the critical speed (𝑉𝑐𝑟 ) can be computed from the figure to be around 250 kmph, which is
higher than 𝑉𝑐𝑟 for 30 kPa and closer to the resonating speed (𝑉𝑟 ) of the track. This shows
that the critical speed of the track also depends on the in-situ confining stress of ballast
layer. Sun et al. (2015) reported a similar behaviour using laboratory cyclic testing and
showed that the critical loading frequency of ballast ranges between 20-30 Hz for the
confining stress of 30 kPa and 30-40 Hz for 60 kPa. The equivalent train speed ranges for
these loading frequencies correspond to 125-185 kmph for 30 kPa and 185-250 kmph for
60 kPa and shows a good agreement with the model predictions. Further, Figure 7-16
shows the dynamic amplification of cumulative breakage index with train speeds and
shows that particle breakage also increases with train speeds. Also, the particle breakage
for ballast at confining stress of 60 kPa increases gradually with train speed than that of
30 kPa. Also, the magnitude of particle breakage is lower for 60 kPa than 30 kPa.
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Figure 7-16 Cumulative breakage indices at shakedown state for different train speeds

7.5. Conclusions
This chapter described how the proposed coupled dynamic multi-laminate constitutive
model was applied to a railway track in Singleton, NSW Australia. The dynamic
amplification of the vertical sleeper-ballast stresses at different train speeds were
predicted and compared to the field data, with the model predictions showing a good
agreement. Further, the model also predicted a resonating speed (𝑉𝑟 ) of 280 kmph based
on the instantaneous displacements (elastic) and stress amplification. Increasing the axle
load of the train increased the magnitude of vertical stress and displacements, but the
resonating speed of the track was not affected. The current method of computing DAF
was compared to the existing empirical methods and displayed an advantage of not only
predicting DAF accurately, but also predicting the resonating speed.
In addition to vertical stress amplification, the model predicted the cyclic rotation of
principal stress axes inside the track layers. The influence of the resulting complex stress
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paths on the long term behaviour of ballast was investigated using the multi-laminate
constitutive model. As the train speeds increased, the dynamic stress amplification and
principal stress rotation had a profound effect on the permanent axial, lateral, and
volumetric strains of the ballast layer. The shakedown analysis also showed that quasistatic train speeds (𝑉 < 100 𝑘𝑚𝑝ℎ) lead to stable shakedown state, where the ballast
layer shows exacerbated permanent strains in the sub-resonating train speeds 𝑉 = 100 −
200 𝑘𝑚𝑝ℎ, for 𝜎𝑦′ = 30 𝑘𝑃𝑎.
Instead of using the resonating speed (𝑉𝑟 ) as the limiting speed, the train speed at which
the ballast layer reached a state of plastic collapse was considered to be the critical speed
(𝑉𝑐𝑟 ). The model predictions showed that at lower confining stresses (𝜎𝑦′ = 30 kPa), the
critical speed of the track was around 175 kmph, and 250 kmph at a confining stress of
60 kPa; this showed that the critical speed of the track also depends on the lateral
confining stress. While acknowledging the low in-situ confining stresses, 𝑉𝑐𝑟 was lower
than the resonating speed ( 𝑉𝑟 ) of the track, as computed from the dynamic stress
amplification, and therefore the performance based approach, albeit considering the long
term behaviour of ballast under repetitive moving train loads, can accurately estimate the
critical train speed needed to optimise track performance.
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8.1. Introduction
This research focussed on establishing a performance based critical speed, pertaining to
the long term behaviour and stability of ballast layer under moving train loads. An
analytical model was developed to quantify the influence that high train speeds have on
the dynamic stress state in the ballast layer, including dynamic stress amplification and
complex stress paths with the rotation of principal stress axes. A new constitutive model
for ballast was formulated in a multi-laminate framework, to simulate the material
strength and long term behaviour under complex stress paths for static and cyclic loading
conditions. The constitutive model was calibrated and validated with laboratory test data
for different coarse granular materials such as ballast and rock fills. These coupled
analytical and constitutive models were applied to a railway track where the influence of
different train speeds on the long term deformations and degradation of ballast was
predicted and the critical speed of the track investigated. The following sections provide
the major outcomes from this research. Recommendations for future study are also
included.

8.2. Dynamic response of track at high train speeds
a) The analytical model developed in the current study considered the Rayleigh wave
propagation in the ballast layer by assuming the ballast layer as a continuous
elastic medium resting on an elastic half-space. Explicit equations for Cauchy
stresses (𝜎𝑧′ , 𝜎𝑥′ , 𝜏𝑥𝑧 ) and instantaneous vertical displacements (𝑢𝑧 ) in the ballast
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layer were developed as a function of Rayleigh wave potentials, which changed
with different train speeds.
b) For the track conditions at Ledsgard, Sweden and Singleton, Australia, the
response of the track was quasi-static at very low train speeds ( 𝑉 ) and as
𝑉 approached the resonating speed of the track, the track layers displayed
resonance behaviour which amplified the dynamic vertical stresses ( 𝜎𝑧′ ) and
displacements (𝑢𝑧 ). The dynamic amplification factor of sleeper-ballast interface
vertical stresses reached a value of 10 at critical speeds and was dependent on the
parameters of the elastic material of the track, the axle load of the train, and the
stiffness and damping of the rail-rail pad-sleeper system.
c) The DAF computed from this model fared well with the field data. This method
showed an advantage over other empirical methods by not only predicting stress
amplification, but also estimating the resonating speed of the track.
d) In addition to vertical stress amplification due to moving wheel loads, the Cauchy
stress state inside the track layers was also altered, with the shear stresses (𝜏𝑥𝑧 )
and horizontal stresses (𝜎𝑥′ ) also increasing with the train speeds. The induction
of shear stresses caused the principal stress axes to rotate continuously, creating
complex stress paths in the 2𝜏𝑋𝑍 − (𝜎𝑧 − 𝜎𝑥 ) plane.
e) With predominant vertical stresses, the complex stress paths took a cardioid shape.
The size of the stress path was quantified using the cyclic stress ratio (CSR) and
the shear stress ratio (𝜂𝜏 ) to account for the stress amplification and principal
stress rotation.
f) The propagation speed of Rayleigh waves in the track layers is an important
parameter which must be considered in the design of tracks, especially tracks with
high speed train operations.
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8.3. Constitutive modelling of ballast using multi-laminate framework
a) Multi-laminate framework can be used to simulate complex stress conditions,
especially stress paths with continuous variations of magnitude and orientations
of principal stress axes. The constitutive equations were developed at the interparticle contact plane level in 𝜏 − 𝜎𝑁′ space to implicitly consider the
directionality of global principal stresses.
b) A new cumulative breakage index (CBI) to estimate particle breakage under
cyclic loading was developed by incorporating breakage history into the previous
loading cycles; the CBI reduces the Ballast breakage index (BBI) under static
loading conditions.
c) Owing to the influence of particle breakage, the concept of nonlinear critical state
(with BBI and CBI) was used to modify the hardening behaviour of micromechanical friction angle at the inter-particle contacts. A bounding surface was
developed for ballast in 𝜏 − 𝜎𝑁′ and the evolution of plastic hardening modulus of
ballast during progressive reloading cycles was incorporated using the hardening
rule based on radial mapping of the current stress state.

8.4. Static state boundary
a) During triaxial compression (𝜎2 = 𝜎3 , 𝑏 = 0, 𝛼 = 0) , the model predictions
showed that the model could capture the deformation and degradation behaviour
accurately, with the experimental data. The dilatant behaviour of ballast at low
confining stresses as well as its compressive behaviour at high confining stresses
was captured quite well.
b) Under true-triaxial compression (𝜎2 ≠ 𝜎3 , 𝑏 ≠ 0, 𝛼 = 0) , an increase in the
magnitude of 𝑏 led to an increase in the shear strength of the material and more
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compressive volumetric strains. Increasing the value of 𝑏 had a similar effect on
particle breakage as confining stress, where both cases led to an increase in
particle breakage.
c) The model predictions showed that the multi-laminate framweork could capture
the reduction in octahedral shear strength of the material at different angles of
principal stress rotation (𝜎2 ≠ 𝜎3 , 𝑏 ≠ 0, 𝛼 ≠ 0), which showed stress-induced
anisotropy. An elliptical state boundary was developed for these granular
materials based on their peak strength at different 𝛼. It was also observed that the
failure surface expanded its shape both in the direction of shear stress and
deviatoric stress when the lateral stress increased.
d) The failure surface developed from the numerical predictions can be used as a
unified state boundary to predict the failure of these materials under traffic loading
stress paths, with and without principal stress rotation.

8.5. Stability of ballast under complex stress paths
a) Under cyclic loading conditions without principal stress rotation, the model
predictions of permanent axial and volumetric strain of ballast were compared
with the experimental data and showed a good agreement. Moreover, the
adaptation of CBI into the constitutive model predicted the breakage of ballast
with number of loading cycles quite accurately. The ability of this model to
capture the influence of various confining stresses, deviatoric stresses and loading
frequency on the permanent strain and breakage response of ballast was reported.
b) Under cyclic loading conditions with principal stress rotation, the shear stress (ητ )
developed due to moving loads exacerbated the deformation and degradation
response. At low confining stresses, increasing ητ from 0 to 0.4 at a constant CSR
amplified the permanent axial strains by a factor of 2.5. The volumetric strains
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increased in compression from ητ : 0 to 0.2 and then started to change phase from
compression to dilation when ητ > 0.2. In addition, the peak cyclic deviatoric
stress (CSR) of the material at failure decreased with an increasing ητ which
indicated a combined influence of CSR and ητ .
c) A unified stability surface was proposed in 𝐶𝑆𝑅 − 𝜂𝜏 − 𝜖𝑎,𝑠ℎ space, which can be
useful to visualise the permanent axial strains at shakedown state (𝜖𝑎,𝑠ℎ ) for
different values of CSR and ητ . The larger the surface area of the stability surface,
the larger the stress range that the material can be subjected to before it fails. As
reported by previous researchers, increasing the confining stresses increased the
stability of the material, even under cyclic stress paths with principal stress
rotation.
d) The failure cyclic stress paths under moving loads were compared with the static
state boundary developed in this study for ballast. The comparisons show that at
failure, the stress paths crossed or touched the static state boundary at different
confining stresses.

8.6. Performance based approach for estimating critical speed
a) The analytical method was used to capture the dynamic response of a railway
track at Singleton, NSW, which represents a typical Australian railway track. The
model predicted a resonating speed of 𝑉𝑟 = 280 kmph at which the dynamic
stresses and instantaneous displacements become maximum. Furthermore,
increasing the axle load of the train had no effect on the resonating speed, but it
did amplify the magnitude of the stress.
b) At different speeds the influence of train induced stress paths on the permanent
strain response of ballast was investigated and revealed that the axial and lateral
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strains amplified with the train speed. However, at 𝑉 > 175 𝑘𝑚𝑝ℎ, the ballast
layer exhibited exacerbated axial strain in the first 1000 cycles, and then reached
a state of plastic collapse. The volumetric strains also showed dilatancy at these
high train speeds.
c) Based on the performance of ballast layer, and considering the typical in-situ track
confinement of 𝜎𝑦′ = 30 kPa, the critical train speed (𝑉𝑐𝑟 ) for this track was
estimated to be around 175 kmph, which is almost 60% of 𝑉𝑟 ; this signifies the
importance of considering the influence of high train speeds on the long term
performance of track layers.
d) By increasing 𝜎𝑦′ to 60 kPa using track inclusions such as geogrids and modified
sleepers, the stability of the material can be increased and there was a significant
increase in 𝑉𝑐𝑟 to around 250 kmph. .
e) Combining the analytical method to estimate the dynamic stresses with
constitutive models using multi-laminate framework, as proposed in this study,
not only captured the dynamic instantaneous response of the track, it also captured
the long term performance of the track at high train speeds.

8.8. Limitations and recommendations for further study
To better understand the behaviour of ballast in railway tracks under high speed trains,
the following topics require more attention:
(a) The analytical model proposed in this study only considered a two layered
equivalent substructure system of railway track, whereas multiple layers of track
substructure would give more insight into the dynamic amplification of stress in
each layer and the resonating track speed, as well as the influence of track
inclusions on the dynamic response.
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(b) The proposed model in this thesis concentrates on capturing the dynamic stress
response in the ballast layer and its long-term deformation and degradation
response under trains running at elevated train speeds. It is assumed that the
subgrade layers below the ballast layer stay intact during the whole loading phase
and thus the plastic deformation of subgrade layers are not modelled in this study.
The constitutive model proposed in this study can be modified to model soft
subgrades under the influence of dynamic stress amplification and principal stress
rotation to give a comprehensive analysis of the critical speed.
(c) Factors such as ballast flight, loss of confinement on open embankments can also
be vital under dynamic loads, as they may lead to more frequent maintenance.
Considering these effects would also give an insight on the track performance and
can be considered in further research.
(d) The multi-laminate framework in this study only considered a set of inter-particle
contact planes or sampling planes based on mathematical convenience, whereas a
detailed micro-mechanical analysis of the orientation of the actual contact plane
of ballast would help make more accurate predictions.
(e) The constitutive model of coarse granular aggregates developed in a multilaminate framework can be incorporated into finite element software to simulate
boundary value problems.
(f) The current model validations reported in this study were limited to certain
experimental loading conditions such as triaxial compression. Conducting large
scale hollow cylinder triaxial tests of ballast specimens under static and cyclic
loading conditions would be a challenge that would give more insight into the
behaviour of ballast subjected to principal stress rotation.
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(g) The field data considered in this study was restricted to 𝑉 < 80 𝑘𝑚𝑝ℎ because
the stress data of high train speeds was not available. More field investigations are
needed to measure the dynamic vertical, shear and longitudinal stress in the ballast
layer at higher train speeds.
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Appendix A
Direction cosines and weight factors in Multi-laminate framework
The proposed multilaminate framework considers 26 sampling planes in the 𝑥 − 𝑦 − 𝑧
space. The direction cosines and weight factors for the 26 planes are given in Table A-1.
Table A-1 Direction cosines and their corresponding weight coefficients for 26 planes
S.No
Direction cosines
Weight factor
27/840
1
√1/3
√1/3
√1/3
27/840
2
−√1/3
−√1/3
−√1/3
27/840
3
−√1/3
−√1/3
√1/3
√1/3
√1/3
27/840
4
−√1/3
−√1/3
√1/3
√1/3
√1/3
27/840
5
−√1/3
−√1/3
√1/3
√1/3
√1/3
27/840
6
−√1/3
√1/3
√1/3
√1/3
√1/3
27/840
7
−√1/3
√1/3
√1/3
√1/3
27/840
8
−√1/3
√1/3
√1/3
√1/3
0
32/840
9
√1/2
√1/2
√1/3
√1/3
0
32/840
10
−√1/2
√1/2
0
32/840
11
−√1/2
√1/2
0
32/840
12
−√1/2
−√1/2
32/840
13
0
√1/2
√1/2
32/840
14
0
−√1/2
√1/2
32/840
15
0
−√1/2
√1/2
32/840
16
0
−√1/2
−√1/2
32/840
17
0
√1/2
√1/2
32/840
18
0
−√1/2
−√1/2
32/840
19
0
−√1/2
√1/2
32/840
20
0
−√1/2
√1/2
40/840
21
1
0
0
40/840
22
-1
0
0
40/840
23
0
1
0
40/840
24
0
-1
0
40/840
25
0
0
1
40/840
26
0
0
-1
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Derivation of plastic hardening modulus
The plastic hardening modulus in the 𝑖 𝑡ℎ plane can be derived by following the
consistency condition defined as:
𝜕𝐹𝑖𝐵

𝜕𝐹𝐵

𝑑𝜎𝑖′𝐵 + 𝜕𝜖𝑖𝑝 𝑑𝜖𝑖𝑝 = 0
𝜕𝜎′𝐵
𝑖

(B1)

𝑖

𝐵

𝜕𝑔
𝑑𝜎 ′
Where, 𝑑𝜎𝑖′𝐵 = [ 𝑁 ] and 𝜕𝜖𝑖𝑝 = 𝑑𝜆𝑖 𝜕𝜎′𝑖 and 𝐹𝑖𝐵 is the bounding surface given in
𝑑𝜏 𝑖
𝑖

Equation 4.29 as:

′𝐵
𝐹𝑖𝐵 (𝜎𝑖′𝐵 , 𝜇𝑐 ) = 𝜏𝑖𝐵 − 𝜇ℎ𝑖 𝜎𝑁𝑖
[

1
𝑦𝐵
𝜎′𝐵
𝑁𝑐𝑖
ln( ′𝐵 )
𝜎𝑁𝑖

]

𝑙𝑛𝑅

=0

(B2)

𝑑𝜆𝑖 is the plastic multiplier defined as:
1

𝜕𝐹𝐵

𝑇

𝑑𝜆𝑖 = 𝐻 𝐵 (𝜕𝜎𝑖′𝐵 ) 𝑑𝜎𝑖′𝐵
𝑖

(B3)

𝑖

And 𝐻 𝐵 is the hardening modulus defined as:
𝜕𝐹𝐵 𝜕𝜇ℎ 𝜕𝑔𝐵

𝐻𝑖𝐵 = − ( 𝜕𝜇

𝜕𝛾𝑝

ℎ

𝜕𝜏𝐵

𝐵
𝜕𝐹𝐵 𝜕𝜎𝑁𝑐
𝜕𝑔𝐵

+ 𝜕𝜎𝐵

𝑁𝑐

𝐵
𝜕𝛽 𝑝 𝜕𝜎𝑁

)

(B4)

𝑖

The partial differential functions in Equation B4 can be written as:

𝜕𝐹𝑖𝐵
𝜕𝜇ℎ𝑖

𝜕𝜇ℎ𝑖
𝑝
𝜕𝛾𝑖

′𝐵
= −𝜎𝑁𝑖
[

= 𝜇𝑝𝑖 {(

1
𝑦𝐵
𝜎′𝐵
𝑁𝐶𝑖
ln( ′𝐵 )
𝜎𝑁𝑖

ln(𝑅)

𝐴

𝑝 2
(𝐴+𝛾𝑖 )

]

(B5)

𝛾

𝑝

𝑑𝐵𝐵𝐼𝑁𝑖

𝑖
) − 𝑐 (𝐴+𝛾
𝑝) (
𝑖

𝑝

𝑑𝛾𝑖

)}

(B6)
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𝜕𝐹𝑖𝐵

𝜂𝑖 {1 −

=

𝜕𝜎𝑖′𝐵

1
′𝐵

𝜎
𝑦𝐵 𝑙𝑛( 𝑁𝐶𝑖
′𝐵 )

}

𝜎 𝑁𝑖

[

(B7)

]

1

Where 𝑔𝑖𝐵 is the plastic potential function on bounding surface including dilatancy (𝑑𝑖𝑙)
given as:
𝐵
𝑔𝑖𝐵 = 𝜏𝑖𝐵 + 𝑑𝑖𝑙𝜎𝑁𝑖

𝜕𝑔𝑖𝐵
𝜕𝜎𝑖′

(B9)

𝑑𝑖𝑙
=[ ]
1

𝐵
𝜕𝜎𝑁𝑐𝑖
𝑝
𝜕𝛽𝑖

(B8)

1+𝑒

𝐵
= 𝜎𝑁𝑐𝑖
( 𝜆−𝜅0 )

(B10)

In Equation B6,

𝑑𝐵𝐵𝐼𝑁𝑖
𝑝
𝑑𝛾𝑖

𝑑

𝑏1

= 𝑑𝛾𝑝 {

𝑝′
𝑏3 −log( ′ 0 )
𝑃𝑎𝑡𝑚

𝑖

𝑝
(1 − exp(𝑏2 𝛾𝑁𝑖
))} =

𝑝

−𝑏1 𝑏2 exp(𝑏2 𝛾𝑁𝑖 )

(B11)

𝑝′
𝑏3 −log( ′ 0 )
𝑃𝑎𝑡𝑚

Substituting equation B9 in B6 gives,

𝜕𝜇ℎ𝑖
𝑝
𝜕𝛾𝑖

= 𝜇𝑝𝑖 {(

𝑝

𝐴ℎ

𝑝 2
(𝐴ℎ +𝛾𝑖 )

) − 𝑐 (𝐴

𝛾𝑖

𝑝
ℎ +𝛾𝑖

𝑝

−𝑏1 𝑏2 exp(𝑏2 𝛾𝑖 )

)(

𝑝′
𝑏3 −log( ′ 𝑖 )
𝑃𝑎𝑡𝑚

)}

(B12)

Substituting Equations B5 - B12 in B4 gives the plastic hardening modulus expressed as:
1

𝐻𝑖𝐵 = − {𝜎𝑁𝑖 𝜇𝑝𝑖 [

1
𝜎′𝐵
𝑦𝐵 𝑙𝑛( 𝑁𝐶𝑖
)
𝜎 ′𝐵
𝑁𝑖

𝜎
ln( 𝑁𝐶𝑖 ) 𝑦𝐵
𝜎𝑁𝑖

ln(𝑅)

1+𝑒

]

𝐵
} 𝜎𝑁𝑐𝑖
( 𝜆−𝜅0 ) 𝑑𝑖𝑙}

{(

𝐴ℎ

𝑝 2
(𝐴ℎ +𝛾𝑖 )

𝑝

) − 𝑐 (𝐴

𝛾𝑖

𝑝
ℎ +𝛾𝑖

𝑝

−𝑏1 𝑏2 exp(𝑏2 𝛾𝑖 )

)(

𝑝′
𝑏3 −log( ′ 𝑖 )
𝑃𝑎𝑡𝑚

)} + 𝜂𝑖 {1 −

(B13)
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Subroutine of the constitutive model in multi-laminate framework
function Cyc_PSR
%% Input parameters
%Number of planes Np
%loading frequency Hz f
%Timeperiod Timeperiod=1/f
%dynamic deviatoric stress q_cyc
%Compute equivalent train speed from frequency V=7.25*f
%Shear stress ratio for cyclic loading eta
%step size xx
%% material parameters for Ballast
%Bounding Surface Parameters R, yB
%Initial void ratio e0
%Shear Modulus G
%Poisson’s ratio v
%Compute elastic modulus E=2*G*(1+v)
%Hardening coefficient A_h
%Slope of CSL in v-lnp’ space Lambda
%CS Friction angle phycs
%Compute slope of CSL in q-p’ space Mu_c0=tan(deg2rad(phycs))
%CSL property Tref
%Parameter controlling peak state kp
%Normalising stress (Pa) Snu
%Dilatancy parameters m, kd
%cyclic hardening rule
%Shakedown coefficient 𝛼𝑠
%Breakage Parameters a,b,c,b1,b2,b3
% Multilaminate framework
%Call for direction cosines
[Ln,W]=planes(Np);
Ncp=size(Ln,1);
for tt=1:Ncp
L=Ln(tt,:);
abscos=sqrt(L(1)^2+L(2)^2+L(3)^2);
Lf(tt,:)=[Ln(tt,1)/abscos Ln(tt,2)/abscos Ln(tt,3)/abscos];
end
Ln=Lf;
%% Initial strains
%Shear strain cone Edpcone=zeros(1,Np);
%Normal strain cone Enpcone=zeros(1,Np);
%Incremental shear strain cone dEdp=zeros(1,Np);
%Incremental normal strain cone dEnp=zeros(1,Np);
%Cumulative breakage index CBBI=zeros(1,Np);
%Nallast breakage index BBI=zeros(1,Np);
%Normal strain cone xBBI=zeros(1,Np);
Eps_elastic=[0;0;0;0;0;0;];
Eps_plastic=[0;0;0;0;0;0;];
% Initial stress state (Global)
%Vertical stress (N/m2)Szz0=initial_confining*1000;
%longitudinal stress (N/m2)Syy0=initial_confining*1000;
%lateral stress (N/m2)Sxx0=initial_confining*1000;
%Shear stresses (N/m2) Txy=0;Tyz=0;Txz=0;
%initialise deviatoric strain E_dev=0;
%initialise code break criterio d0=0;
%Initialise void ratio e=e0;
%incremental plastic strain dEps=[0;0;0;0;0;0;];
%% Calculation of initial stress states on planes
S_initial=[Sxx0;Syy0;Szz0;Txy;Tyz;Txz;];
S_initial3x3=[S_initial(1) S_initial(4) S_initial(6);
S_initial(4) S_initial(2) S_initial(5);
S_initial(6) S_initial(5) S_initial(3);]; %(Dim 3X3)
P_mean0=(S_initial(1)+S_initial(2)+S_initial(3))/3;
for pp=1:Ncp
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P=Ln(pp,:)*S_initial3x3; %row matrix [px py pz]
Snnpp_i(pp)=Ln(pp,:)*P.';
ref=P(1)^2+P(2)^2+P(3)^2-Snnpp_i(pp)^2;
if ref>=0
Tpp_i(pp)=sqrt(P(1)^2+P(2)^2+P(3)^2-Snnpp_i(pp)^2);
else
Tpp_i(pp)=0;
end
SRi(pp)=abs(Tpp_i(pp)/Snnpp_i(pp));
end
%initial normal and shear stresses on planes
SnnM_i=Snnpp_i;
TM_i=Tpp_i;
% Global Stress increments
S0=S_initial;
%Vertical stress increment dSzz=q_cycd*1000; %Vertical stress increment
%Lateral stress increment dSyy=0*dSzz;
%shear stress increment dtyz=eta*dSzz;
%Initialise loading
t=0
tt=1;
for ii=1:50000
dSzz_cyc=(dSzz/2)*(1+sin(2*pi*f*(t-0*Timeperiod/4)));
dSyy_cyc=(dSyy/2)*(1+sin(2*pi*f*(t-0*Timeperiod/4)));
dtyz_cyc=(dtyz/2)*(cos(2*pi*f*((t-0*Timeperiod/4))));
S_trial=S_initial+[0;dSyy_cyc;dSzz_cyc;0;dtyz_cyc;0;];%Incremental stress matrix (Dim 6X1)
dS_trial=[0;dSyy_cyc;dSzz_cyc;0;dtyz_cyc;0;];
S_trial3x3=[S_trial(1) S_trial(4) S_trial(6);
S_trial(4) S_trial(2) S_trial(5);
S_trial(6) S_trial(5) S_trial(3);]; %(Dim 3X3)
S_Principal2=((S_trial(2)+S_trial(3))/2)-sqrt(((S_trial(2)S_trial(3))/2)^2+S_trial(5)^2);
S_Principal3=((S_trial(2)+S_trial(3))/2)+sqrt(((S_trial(2)S_trial(3))/2)^2+S_trial(5)^2);
S_principal=[S_trial(1) S_Principal3 S_Principal2];
%Intermediate principal stress ratio
b=(S_principal(2)-S_principal(1))/(S_principal(3)-S_principal(1));
q=sqrt(0.5*((S_principal(1)-S_principal(2))^2+(S_principal(2)S_principal(3))^2+(S_principal(3)-S_principal(1))^2)); %deviatoric stress
P_meanf=(S_principal(1)+S_principal(2)+S_principal(3))/3 ;%mean stress
%% Loop for Calculating Traction stress on each sampling plane due to Global stress
increment
for pp=1:Ncp
P=Ln(pp,:)*S_trial3x3; %row matrix [px py pz]
Snnpp(pp)=Ln(pp,:)*P.';
ref=P(1)^2+P(2)^2+P(3)^2-Snnpp(pp)^2;
if ref>=0
Tpp(pp)=sqrt(P(1)^2+P(2)^2+P(3)^2-Snnpp(pp)^2);
else
Tpp(pp)=0;
end
end
%Stress state on sampling planes after increment
SnnM=Snnpp;
TM=Tpp;
%Stiffness matrix D=Dmatrix(E,v);
%Update state parameter state0=1+e-Tref+Lambda*log((P_meanf));
%initiate local strains
dEps_gl_cone = zeros(6,1);
dEes_gl_cone = zeros(6,1);
%Number of loading cycles N=f*(t);
%% Calculate strains on planes due to stress increment
for p=1:Ncp
P=Ln(p,:)*(S_trial3x3);
Snn_i=SnnM_i(p);
T_i=TM_i(p);
Snn=(SnnM(p));
T=TM(p);
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SR=(T/Snn); %SR=stress ratio
SRM(p)=SR;
dSnn=Snn-Snn_i;
dT=T-T_i;
dSR=abs(dT/dSnn);
if dT>0
index=1; %loading
else
index=0; %unloading
end
if Snn>0
if index==1
%Initiate all parameters for current increment
state=state0+a*exp(b*CBBI(p));
Mu_c=Mu_c0*(exp(-c*CBBI(p)));
Mu_p=Mu_c*exp(-kp*state);
phy_c=atan(Mu_c);
M=6*sin(phy_c)/(3-sin(phy_c));
x=1/(exp(log(R)*(SR/Mu_c)^yB));
Snnibar=x*Snnpp_i(p);
Sncbar=R*Snu*exp(Enpcone(p)*(1+e0)/Lambda);
Snnbar=x*Sncbar;
Tbar=SR*Snnbar;
lnfbar=(log(Sncbar/Snnbar)/log(R))^(1/yB);
Snc=Snn/x;
lnf=(log(Snc/Snn)/log(R))^(1/yB);
dBBI_dEdp=-b1*b2*exp(b2*dEdp(p))*(1/(b3-log(initial_confining)));
dMup_dEdp=Mu_p*(-c*dBBI_dEdp-kp*a*b*exp(b*CBBI(p))*dBBI_dEdp);
Pcs=exp((Tref-1-e)/0.07);
hf=(Edpcone(p)/(Edpcone(p)+A_h))*Mu_p;
dil=((1+df*f)*Mu_c*exp(m*state)-SR)*kd;
dilatancy=dil;
dilM(p)=dilatancy;
Fyd=T-Snn*hf*lnf; %yield function
dFyd=dT-dSnn*hf*lnf;
Hbardev(p)=-Snnbar*lnfbar*(Mu_p*(A_h/(A_h+Edpcone(p))^2) +
(Edpcone(p)/(Edpcone(p)+A_h))*dMup_dEdp);
Hbarvol(p)=-SR*(1/(yB*log(Sncbar/Snnbar)))*Snnbar*((1+e0)/Lambda)*dilatancy;
Hbar(p)=Hbardev(p)+Hbarvol(p);
%calculation of plastic strains on the current plane
dFdSnn=-SR*(1-1/(yB*log(Snc/Snn)));
dFdT=1;
dGdSnn=dilatancy;
dGdT=1;
dTdLAM=dGdT*De(1,1);
dSndLAM=dGdSnn*De(2,2);
del=sqrt((Tbar-T)^2+(Snnbar-Snn)^2);
delmax=sqrt(Tbar^2+Snnbar^2);
conj=(del/(delmax-del));
Hadd(p)=-(1+Enpcone(p))^(N/𝛼𝑠 ) * ((1+e0)/Lambda)*(Sncbar)*(conj)^1;
H(p)=(Hbar(p)+Hadd(p));
dFdLAM=dFdSnn*dSndLAM + dFdT*dTdLAM - H(p);
xLAM=(dFyd/dFdLAM);
dEdp(p)=(xLAM*dGdT);
dEnp(p)=(xLAM*dGdSnn);
else %no plastic strains
dEdp(p)=0;
dEnp(p)=0;
fail(ii)=0;
end
else
dEdp(p)=0;
dEnp(p)=0;
end
%Breakage contribution of pth plane in current loading cycle BBI(p)=(b1/(b3log(initial_confining)) * (1-exp(b2*dEdp(p))));
%CBI calculation
xBBI(p)=(1-BBI(p))*xBBI(p);
if ii==2
xBBI(p)=(1-BBI(p));
end
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CBBI(p)=CBBI(p)+BBI(p)*xBBI(p);
if ii==2
CBBI(p)=BBI(p);
end
%accumulated normal and shear strain for next increment
Edpcone(p)=Edpcone(p)+dEdp(p);
Enpcone(p)=Enpcone(p)+dEnp(p);
%calculate plastic strain contribution of contact plane
[dSNdSig,dTdSig]=Transformation(Ln(p,:),P,T,Snn);
dEps_cp_cone=dEnp(p)*dSNdSig + dEdp(p)*dTdSig; %6x1 matrix
%weighted contribution of plane to global strain
dEps_gl_cone=dEps_gl_cone+dEps_cp_cone*W(p); %global plastic strain increment
end
%Update stresses for next increment
TM_i=TM;
SnnM_i=SnnM;
end
%Compute elastic strains
oddeven=mod(ii+xx/2+1,2);
if oddeven >1 %loading
dEps_elastic=-inv(D)*dS_trial;
else %unloading
dEps_elastic=inv(D)*dS_trial;
end
%% Outputs
%accumulated strains
%permanent strain accumulated Eps_plastic=Eps_plastic+dEps_gl_cone;
%elastic strain accumulated Eps_elastic=dEps_elastic;
%permanent strain in current step dEps=Eps_plastic-dEps;
dEps=Eps_plastic;
%permanent volumetric strain Epsv=Eps_plastic(1)+Eps_plastic(2)+Eps_plastic(3);
%calculate new global stress state
S0=S_trial;
%Output permanent strain Eps_final=Eps_plastic;
%Total strain Etotal=Eps_final+Eps_elastic;
%Update void ratio e=e0+((1+e0))*(-(Epsv));
%% strains, t at the end indicates total strains, otherwise plastic strains
E_axial(ii)=Eps_final(3)*100;
E_shear(ii)=Eps_final(5)*100;
E_axialt(ii)=Etotal(3)*100;
E_sheart(ii)=Etotal(5)*100;
E_intermediate(ii)=Eps_final(2)*100;
E_lateral(ii)=Eps_final(1)*100;
E_dev(ii)=100*sqrt(2/9) * sqrt((Eps_final(1)-Eps_final(2))^2+(Eps_final(2)Eps_final(3))^2+(Eps_final(3)Eps_final(1))^2+(4/3)*(Eps_final(4)^2+Eps_final(5)^2+Eps_final(6)^2));
E_principal1(ii)=100*Eps_final(1);
E_Principal2(ii)=100*((Eps_final(2)+Eps_final(3))/2)-sqrt(((Eps_final(2)Eps_final(3))/2)^2+Eps_final(5)^2);
E_Principal3(ii)=100*((Eps_final(2)+Eps_final(3))/2)+sqrt(((Eps_final(2)Eps_final(3))/2)^2+Eps_final(5)^2);
E_vol(ii)=(E_principal1(ii)+E_Principal2(ii)+E_Principal3(ii));
%% stresses
Sig_axial(ii)=(S0(3)/1000);
Sig_shear(ii)=S0(5)/1000;
Sig_shear(ii)=(S0(5)/1000-S_initial(5)/1000);
Sig_int(ii)=(S0(2)/1000);
stressratio(ii)=(S0(5)/1000)/((S0(3)/1000)-(S0(2)/1000));
strainratio(ii)=Eps_final(5)/(Eps_final(3)-Eps_final(2));
Sig_dev(ii)=q/1000;
Sig_mean(ii)=P_meanf/1000;
stressr(ii)=q/P_meanf;
void(ii)=e;
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pmeann(ii)=P_meanf;
time(ii)=t;
qpratio(ii)=q/P_meanf;
t=t+Timeperiod/xx;
N_cycles(ii)=N;
tan2alpha1(ii)=2*S0(5)/(S0(3)-S0(2));
%code Break criterion
if Eps_final(3)>0.35
break;
end
end
%%Plots
%Strain plot
figure(1)
subplot(3,2,1)
hold on;
plot(N_cycles,E_vol)
xlabel('N') % x-axis label
ylabel('Volumetric strain(%)') % y-axis label
set(gca,'xaxisLocation','origin')
subplot(3,2,2)
hold on;
plot(N_cycles,E_axial)
%title(['stress ratio vs axial strain'])
xlabel('N') % x-axis label
ylabel('Axial strain') % y-axis label
subplot(3,2,3)
hold on;
plot(N_cycles,E_intermediate)
xlabel('N') % x-axis label
ylabel('Int strains(%)') % y-axis label
subplot(3,2,4)
hold on;
plot(N_cycles,E_lateral)
xlabel('N') % x-axis label
ylabel('Lat strains(%)') % y-axis label
subplot(3,2,5) %shakedown plot
hold on;
plot(N_cycles,Breakage,'--')
xlabel('N')
ylabel('BBI')
Eee=E_axial';
dE_axialN=Eee(1:xx:end,:);
size(dE_axialN,2);
dEadN=gradient(dE_axialN);
EaN=dE_axialN;
subplot(3,2,6)
hold on;
plot(EaN,dEadN)
xlabel('Ea')
ylabel('dEa/dN')
figure(2) %Principal stress rotation stress path
hold on;
plot((Sig_axial-Sig_int),2*Sig_shear)
xlabel('\sigma_{axial}')
ylabel('\tau')
end

215

